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Avant-propos

« La réalité se présente a nous sous la forme de phénomenes, de formes, dont nous décelons
la présence par leurs discontinuités qualitatives »

Modeles mathématiques de la morphogénese
René Thom, 1974

Pour sa 5e édition, I’école ERMITES 2010 met 1’accent sur le couplage entre vision et
cognition ("La Cognivision"), et ses applications en recherche d’information vidéo.

Ainsi sont traités des modeles cognitifs bio-inspirés, des modéles de classification
automatique, en passant par des représentations en « mots visuels ». En filigrane de ces méthodes:
la recherche d’information dans des espaces de trés grande dimension.

Cette école regroupe un bon nombre des experts francais de renommée internationale. Le
comité de programme et d'organisation les remercient chaleureusement de leur investissement pour
cette édition qui a atteint son objectif en regroupant la trentaine de participants.

Nous avons cette année filmé les conférences, qui sont disponibles en ligne (voir table des
matieres), ce qui permet au lecteur de lire les supports tout en écoutant leur auteur, et donc d'en
extraire toute I'information.

Nous remercions I'INRIA, I'UMR CNRS LSIS, TPM et 'USTV sans qui cette école n'existerait
pas.

Comité de programme :
H. Glotin (prés.), S. Paris, J Razik, J.-P. Gauthier

Comité d'organisation :
S. Paris (prés.), H. Glotin, J. Razik, A. Zidouni, F. Bénard, M. Chouchane

Le 28 septembre 2010,
A La Gardo,
Hervé Glotin & Sébastien Paris

De gauche a droite: J. Petitot, F. Rossi, J. Hérault, J. Mairal, S. Paris, H. Le Borgne, A. Monnin, F. Bouchara, H. Glotin,
Y. Wazaefi, O. Caron, C. Thouzet, P. Machart, I. Azarkh, N. Foucault, O. Kleindiest, J. Razik, U. Boscain, R. Delaye, J.-
P. Gauthier, C. Maggia, Y. Lacroix, S. Madec, J. Demongeot, H. Jégou, H. Queste

Hors photo: B. Fertil, L. Boutora, D. Merad




Appendice

Le theme de cette année s’inscrit naturellement dans le projet Dynamiques de 1’Information
du LSIS (http:/www.lsis.org/dyni), et dans son projet ANR CONTINT COGNILEGO
(http://cognilego.univ-tln.fr ) qui est lancé ce mois-ci avec ses partenaires LNIA et A2IA .

Nous y proposons de développer des modeles cognitifs d’intégration de 1’information visuelle pour
la transcription robuste de documents. Notre approche repose sur des traitements pyramidaux auto-
organisés, a différentes échelles sémantiques comme illustrés ci-dessous. Nous espérons
qu’ERMITES 2010 suscitera d’autres projets alliant cognition, vision et recherche d’information.
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"PERCEPTION, CATEGORISATION VISUELLE & COGNITION"

Programme
Mardi 28 septembre
. 10h Café / réception / visite du site
. 11h H. Glotin - présentations des journées
. 12h Déjeuner
. 13h30 J. Hérault
* 16h30 Pause café
e 17h H. Le Borgne
. 20h Diner

Mercredi 29 septembre

* 8h45 . Petitot
* 10h Pause café
* 10h20 J. Mairal
* 11h20 H. Jégou

*  12h30 Déjeuner
* 13h45 . Petitot (suite)
* 15h Pause café

* 15h30 C. Touzet

* 16h30 U. Boscain

e 18h30 J.-P. Gauthier

e 20h15 Diner

e 21h C. Touzet (suite)

Jeudi 30 septembre

* 8h30 J. Mairal (suite)
* 9h30 H.Jégou (suite)

* 10hi15 Pause café
* 10h30 S. Paris
* 12h30 Déjeuner

e 13h45 Table ronde
e« 15h30 Cloture et visite du site.
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Jeanny HERAULT

GIPSA Lab./ UJF
http://www.gipsa-lab.inpg.fr/page pro.php?vid=76

"Perception Visuelle, Faits et Modeles"

L'exposé se déroule selon six grandes parties :

1) Illusions visuelles :

Classées par catégories, elles nous permettront, par les questions qu'elles suscitent,
d'évoquer les principes de traitement du systéme visuel. Nous verrons que celui-ci
s'est adapté au monde 3D ou nous vivons et aux variations des conditions dans
lesquelles les objets sont vus.

2) La rétine :

Point d'entrée du systeme visuel, elle est le sieége de prétraitements (filtrages
linéaires, non-lin€arités adaptatives) qui préparent le signal au mieux pour son
analyse et son interprétation par les différentes couches du cortex visuel.

3) Les circuits neuromimétiques :

Le modele électrique de la rétine a conduit & un ensemble de circuits dits
"neuromimétiques" dont nous donnons un exemple pour l'estimation du mouvement
en temps réel.

4) Le codage des couleurs :

Ah, si nos ingénieurs avaient connu le traitement rétinien des couleurs, on aurait
actuellement une TV de bien meilleure qualité¢! Nous verrons que c'est le cortex
visuel qui décode la couleur et non pas la rétine, et que les principes qu'elle utilise
sont économiques et efficaces, surtout de [I'échantillonnage aléatoire des
photorécepteurs.

5) Les non-linéarités :

Une analyse en détail des non-linéarités et de I'adaptation dans la rétine nous permet
de comprendre certaines des illusions visuelles du début et donnent des pistes
intéressantes pour le traitement des images (égalisation des niveaux d'intensité, des
contrastes et constance des couleurs).

6) Le traitement cortical :

L'analyse des spectres 2D locaux des images ou des scénes par le cortex visuel
primaire nous permet d'aborder les aspects de catégorisation, de saillance et
d'estimation de la perspective. Quant a I'analyse des aires supérieures (en particulier
V4), elle nous conduit aux propriétés d'invariance par rapport a l'échelle, aux
rotations des images et aux effets de perspective.

Référence :

"VISION: IMAGES, SIGNALS AND NEURAL NETWORKS Models of Neural Processing
in Visual Perception" J. Herault, Ed. Worldscibooks 2010, 308p.
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VISUAL PERCEPTION

Facts and Models

CONTENTS

I- VISUAL ILLUSIONS

II- THE RETINA

IlI- NEUROMORPHIC CIRCUITS
IV- COLOR CODING

V- NON-LINEARITY

VI- CORTICAL PROCESSING




VISUAL ILLUSIONS

I- SHADOWS AND 3D WORLD

II- ADAPTATION TO SPATIAL CONTEXT

IlI- ADAPTATION TO TEMPORAL CONTEXT

AN UNKNOWN BUILDING
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VISUAL ILLUSIONS

I- SHADOWS AND 3D WORLD

II- ADAPTATION TO SPATIAL CONTEXT
Intensity, contrast, color, shape...

IlI- ADAPTATION TO TEMPORAL CONTEXT
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VISUAL ILLUSIONS

I- SHADOWS AND 3D WORLD
II- ADAPTATION TO SPATIAL CONTEXT

I1I- ADAPTATION TO TEMPORAL CONTEXT
Orientation, spatial frequency, color, motion...

ADAPTATION TO SPATIAL

FREQUENCY
Adaptation (1mn) Test Perception

—
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FIXATE THE WHITE CROSS
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IMAGE PROCESSING IN THE RETINA

I- RETINAL CELLS & ELECTRICAL MODEL
[I- SPATIO-TEMPORAL PROPERTIES

[lI- EXAMPLES

IV- SYNTHESIS and SILICON RETINAE

Visual System: Gross Anatomy

Color

Oriented
Band-pass

Categorization of
Scenes, Textures

Optical
Flow

Ego-motion
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Retina: Linear Model (basics)

" Analog VLSI and
} Ganglion cells Neural Systems

1989

} Optic Nerve

Retina: Parvo Cellular Pathway

Transfer function (properties)

Photoreceptors Horizontal cells
1
Gt(f )= 1+2a¢ [l cos(?@]ﬂZm&) Gl )= 1+ 20y [1-cos(2rf) |+ j2rr f;

b~ Spatio-temporal |nseparab|I|ty

J |
Bipolar cells: + ;/

Goru(f0 0)=Gu(f, D) -G(6, 0] | E——
SivemEl Ve Spatio-temporal high-pass
Reduction ( b,(x)) ;a‘g/(contrast enhancement)

—

Compensates the 1/f
spectrum of images

(spectral whithening)
Beaudot Ph-D thesis (1994)
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Parvo- & Magnocellular Pathways

] evolution of the spatial transfer function
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CAN YOU SEE YOUR HORIZONTAL CELLS ?

Cones Horizontal cells
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CAN YOU SEE YOUR HORIZONTAL CELLS ?

Cones Horizontal cells Bipolar cells

IMAGE PROCESSING IN THE RETINA

- RETINAL CELLS & ELECTRICAL MODEL
[I- SPATIAL & TEMPORAL PROPERTIES
- EXAMPLES

IV- SYNTHESIS and SILICON RETINAE
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MACH BANDS

Seen

Perceived

SUMMARY of the SPATIAL PROCESSING

H-czlis
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mean»

OFF-cells
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Variance»
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MOVING vs STATIC SQUARE
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IMAGE PROCESSING IN THE RETINA

- RETINAL CELLS & ELECTRICAL MODEL
II- SPATIO-TEMPORAL PROPERTIES
[lI- EXAMPLES

IV- SYNTHESIS and SILICON RETINAE

18



DYNAMICS (OPL & IPL)

Input sequenct Bipolar outputs Magno-Y outputs

W. Beaudot PhD Thesis (1999)

ILLUSION of RAYS

High- or Low-level effect ?
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IMAGE PROCESSING IN THE RETINA

- INTRODUCTION

II- RETINAL CELLS & ELECTRICAL MODEL
[ll- SPATIO-TEMPORAL PROPERTIES

IV- EXAMPLES

V- CONCLUSION

Synthesis
Silicon retina

SUMMARY of RETINAL PROCESSING

OPL IPL LGN Colour

GoxX - ON Details
(Colour- Slow
opponent) X Spat HP
Parvo }
Input Temp LP
image GeY
’[LP
Photo / o Achromatic
receptors : Madiol ?Iot:s
as!
GeXT OFF Y Spatio-
(Colour- Temporal | Spat LP
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Temp HP
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Extracting the Direction of Light

TRICK : Cross-correlation
of ON and OFF images

LIS 0.5 p C-MOS SILICON RETINAE

G. Bouvier, A. Mahni, G. Sicard, Coll. LIS-CNET
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NEUROMORPHIC CIRCUITS
& MOTION ESTIMATION

- MODEL OF 1-D MOTION
[I- WHICH CIRCUIT FOR MOTION ?

IlI- VELOCITY ESTIMATION

IV- EXAMPLES

MODEL OF 1-D MOTION

10 A

><V

1)

22




WHICH CIRCUIT FOR MOTION ?

Static Image

2D Spatial + 1D Temporal

i) => I(fx) Z(f)

Moving Image

i(x - vt) => I(fy) Z(f + vix)

ASYMMETRIC CIRCUIT FOR MOTION

ey
r a R r a R r
pat T gpa bg T gR t; CT

Preferred Non-preferred
direction direction
o - Input ——
°
2
= X
£
< - Output B
X
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VELOCITY ESTIMATION

Output Energy

V- b v+
Q
|\'/? Input velocity
1 1
v=&1 B &
21 1 2
i
E> E? E2

A. Torralba PhD Thesis (19999)

EXAMPLES
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COLOR PERCEPTION

- PHOTORECPTOR SAMPLING
AND COLOR CODING

[I- COLOR RECONSTRUCTION

SPATIO-CHROMATIC SAMPLING

A
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10/16

5/16

1/16
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COLOUR SPECTRUM AND DETAILS

.. (N .-

SAMPLING MODEL

O

PL=10/16
Pv=5/16

Ps=1/16
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EQUIVALENT for RANDOM SAMPLING

&(x)
P i - =
Random sampling
0

Ax X
~
Pi ax(X)
Pt —a— T —a— 4 — -
0 X
= Regular sampling + Random zero-mean sampling
Low frequency High frequency

D. Alleysson PhD Thesis (1999)

EQUIVALENT for RANDOM SAMPLING
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COLOUR OPPOSITION vs HUE
CANCELLATION EXPERIMENTS

A Red/Green 1.5

T T T T
(e} o
o . Chromatic valence
X :

. Jameson & Hurvich, 1955 |
400 450 500 550 600 650 700

SPECTRA OF RANDOM SAMPLING

1/AI l/AI fx

chrominance

f
YN /Al X
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COLOR PERCEPTION

I- PHOTORECPTOR SAMPLING
AND COLOR CODING

II- COLOR RECONSTRUCTION

Color: Application to CCD Cameras

Bayer Color Filter Array

One receptor
per pixel
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aliasing
(high spatial
Frequency)

Random Sampling of Color

1. Principle

Sampling
autocorrelation
function

Frequency
Spectrum

minance

No
aliasing
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Random Sampling of Color

2. Color restitution (fovea: Red & Green cones only)

120 x 120
grid

Random Sampling of Color

3. Application: CCD with random RGB sampling

B3 bR
i

Regular sampling: Irregular sampling:
Wiener filter Wiener filter
restitution restitution

B. Chaix : PhD Thesis (2007); Alleyson, Chaix, Hérault : Patent (2009)
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NON-LINEAR PROCESSING

I- PHOTORECEPTORS' NON-LINEARITY
II- NON-LINEARITY IN IPL

Il - NON-LINEARITY AND COLOUR

RANGE OF LIGHTENINGS

Luminance log cd/cm: -6 4 -2 0 2 A 6 8
r t t f t — |

|
e
Pupil diam. (mm) 71 66 55 Ja4 24 /2 L2 2
I T T T T T T 1
) Rods Cones
Retinal ,  photopigh> 11 2 45 65 85

illuminance (log td) i>4 o1 022 07 <4 topic T T 1
| starlighf moonjight jindoor lightning  sunlight |
T T T T T T 1

White paper in [

Visual function I scoltopic } m { j | Iphotopic | |
scotopic photopic rod best possible
threshold threshold saturation acuity damage
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PHOTORECEPTOR SENSITIVITY

1.0¢
X
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Retina: Non-Linearities

1. Photoreceptors’ adaptive compression

\ 1.0 - —
1
X X ! » 0.80 [
1| X+Xp ! X /
I A !
| 1
| ! ]
1
P ’ r 69
/
Jo / /
p
X, O Temporal 0.00 s T ey cdie.
and 10-5 10-4 10-3 10-2 10-1 100
spatial Mean
(context) The transfer characteristic adapts to context

Retina: Non-Linearities

1. Photoreceptors’ adaptive compression: application

More
details in
Shadows
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NON-LINEAR PROCESSING

- PHOTORECEPTORS' NON-LINEARITY
II- NON-LINEARITY IN IPL

I1I- NON-LINEARITY AND COLOUR

Retina: Non-Linearities

2. Adaptive Compression in IPL

Ganglion cells

ON I f
Bipolar Nt
and N
horizontal R
cells OFF /:—

Photoreceptors

Light

Adaptation
to mean \ Y
intensity AV 4
Adaptation
to contrast
dynamics
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Retina: Non-Linearities

2. Compressive Adaptation in IPL: application

Details both in
Shadows
and in
High-lights

|
1,

= Elimination of Multiplicative noise b (x) = extraction of true objects’ reflectances

ADAPTATION IN IPL

Stimulus

Bipolar
outputs
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NON-LINEAR PROCESSING

I- PHOTORECEPTORS' NON-LINEARITY
II- NON-LINEARITY IN IPL

III- NON-LINEARITY AND COLOUR

ADAPTATION TO COLOR

stimulation
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Non-Linearity and Color

3. Color Constancy => at the photoreceptor level

Alleysson
Ph-D thesis (1999)

. 05 06 07 08 09
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CORTICAL ANALYSIS OF IMAGES

I- IMAGE SPECTRA
II- CORTICAL ANALYSIS

IlI- ADAPTATION TO TEMPORAL CONTEXT

150 ms TO RECOGNIZE !

Image database Visual evoqued potentials

— Animal
—Non-animal
uv —Diffe rence

An image is flashed during 30 ms.
Test:

Tell whether it contains an animal or not
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Retino-Cortical Projections

: Hyper-columns
_In (a+ pe’g) yp

= = Inib+pe“9) s (4 2 mm
i S Sl

orientations
2mmon cortex= 0.1 d° at foveu

6.0 d° at 45 d° of excentricity

a
- 30 x 30 modules per retina frequency bandsls

A cortical module
==> Local spectral analysis

Primary Visual Cortex: Organization

MT (Where) pes V4 (What) \1\0(\0“

Hyper-columns
(Pin-wheel
Organization)

Binocular

‘ Local interactions —
v1{

Monocular

/l Binocular

‘ Long range interactions ’/
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2nd Order Statistics of images and
SPECTRAL ANALYSIS

==> An image will be considered as a particular redation of a stochastic process

Over all possible images,

Over one image category

itigit(i)?::ellation } R2()(1 yl’Xz’yZ) E[Il(xl yl) [ (szyz)] {

H1: Stationary process ‘ R,(xy) = E[il(Xl, Vo) B0 =Xy, — y):”

H2: Ergodiicity ROGY) = p(xy) = [[ 10630 00 — %, = y) i, dy,

Statistical Autocorrelation =Spatial Autocorrelation

Th. of Wiener-Kinchine: F{R(X, y)} =9(f,,f,) ==>Energy Density Spectrum

Properties of the E.D.S. ‘S(fx, f,)=F{y(xy)}= \F{i(x,y)}\z‘

1- The amplitude spectrum of one image is similar to that of its category (comparisons are possible)

2- The amplitude spectrum of an image is independent of its position (translations are overcome)

Frequency Spectra of Scenes

1. Image data base

| ol E=!5
s, ummgmmmnﬂ
EIIIIIIIIIIH
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Frequency Spectra of Scenes

2. Mean Energy Spectra of image Categories

Autocorrelation Spectrum Autocorrelation | Sielslniii )

e
-
.
|

CORTICAL ANALYSIS OF IMAGES

I- IMAGES SPECTRA
II- CORTICAL ANALYSIS

IlI- ADAPTATION TO TEMPORAL CONTEXT
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CORTICAL CELLS AND
GABOR WAVELETS

The image spectrum is decomposed intlequency bandsand orientations

_ EXAMPLE OF IMAGE CODING
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Cortical Model of Scene Analysis

Image Coding as a high-dimensional vector

Scene Categorization by CCA :
RIS Non-linear MDS with Metrics &
Image coding: Vector in N dimensions 0" 45" 90" 138" ﬁ/lanifolds considerations)

W,

Image
Database

i . 17128 .Em.-rgies.
D Gabor or Log-Normal filters bank 1

Pin wheel models of
V1 Complex cells

1. the N-dimensional space is not fully
spanned by the image vectors

2. the N dimensions are non-linearly
correlated

= use Curvilinear Component Analysis

Ph-D theses: P. Demartines (1994), A. Oliva (1995), N. Guyader (2004)

OCULAR FIXATIONS

Eye movments

3
) v'»“;-cks‘%gf"
Free exploration

From 1 to 7, the subject is asked to
answer a different question,
Yarbus (1967).




OCULAR FIXATIONS AND
LOCAL ENERGY

one subject ensemble of subjects local energy

Ph-D thesis: A. Chauvin (2004)

CORTICAL ANALYSIS OF IMAGES

I- IMAGES SPECTRA
II- CORTICAL ANALYSIS AND SCENE VARIABILITY

IlI- ADAPTATION TO TEMPORAL CONTEXT
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Variability within a same Category

spectrum of a 2D image transformation:
F{i(ao}=[[i(ax) exp[-j2mxf)Jax X =AX F {i(Ax)}=m [lie) eX{-iZH(X”{\f'Tf)}dX'

Mirror: ixy) - i(-xy) = I(f,f) - I(-1,f)

......

LOG-POLAR REPRESENTATION
of the FREQUENCY SPECTRUM

Use of the Log-Polar frequency spectrum:

F{i(aRgx)}za—lzl(R%) = ?(e”"“a’,g)—a) if v=In(f)

Cartesian Log-polar

A zoom factor in the image space ==> atrandation in log-frequency

A rotation in the image space ==> atrandationinangular frequency
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LOG-POLAR REPRESENTATION

Cortical 2D Filter bank

Log-Polar
Transform

>

-g+X V=V +In(k), 6., =
Vs

- Image zoomand rotation correspond both to log-polarspectral translations

- Image perspectivewill correspond to ashearin log-polar coordinates

Two kinds of LOG-POLAR Filter banks

Gabor and Log-Normal filters

G abor Gabor Filter
(f-£)? } i

G(f)=e 2o

Ipg(f) "an hanw

Log-Normal Logh Flliar
lLogh Filter
[inct/£)T
_ Y ! A Log-polar
G(f)=Te * . 2,
log(f) =% =one
Gaussian filters in log-polar domain => log-normal filters in cartesian domain
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Two kinds of LOG-POLAR Filter banks

Gabor and Log-Normal filters

Gabor
(=)
G(f)=e 27
lag(fj """ e
Log-Normal , LogN Filter LogN Filter
l.ogN Filter
¢t
_ 2 i i
G(f)=—e * l
f "
w oW Ay Ingif) ™ =ta
= Log-normal filters are more suitable and more

biologically plausible than classical Gabor filters

Properties OF LOG-NORMAL FILTERS

. . . 2 _ 2 2
2D filters w/ separable radial and angular variables |G, =IG.[[G|

_In?(f1f) ;
Mean energy in each frequency band : G, = [[S(f.6) %e 2 (‘305(9‘9.))2 fdfd
f.6

q oy / \ "
G, areLog-normal filters: |G| =Te 4 G, arereperiodic Gaussian-like filters: 5| =(C05(9‘9J))2

with:  v=In(f/ ;) c,=[[se.fe * (cosg-6))" dvde
v,6

_-wf (8

For zooma and rotation ¢: 1 o {eul J
c‘jzgjj S, 6-g)le ¥ e 29° dvdd
[

i@Rx) = a—lzl(Rc,f) —

_(v-u @) _(97.'9,+¢)2
20 @ 20" |dydd

(1)

(o =a—£'['£8(e",9)

==> If the log-polar spectrum iggularly sampled by the filter bank in; andg, and
if the number of filters i®dd, non-integer translations inandg can be processed
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OVERCOMING CONVOLUTIVE NOISE

Image spectrum: S(f,0)=9f,0)[S.(f,0)
Convolutive noise spectrum
Original image spectrum
Filters’ outputs:

c = st [§.(F)|G,(f.6) df do=s,, EﬂfﬁS(f,e)\G”(f,a)fdf do

(because S,,.; is smooth)

By divisive normalization (an existing local interaction in V1):
c. G . s, f s(t.0c(f.6] d deo
"XC 8 0], S0 |61 dde

==> Qvercomes convolutive noise

CORTICAL ANALYSIS OF IMAGES

I- IMAGES SPECTRA
II- CORTICAL ANALYSIS AND PERSPECTIVE ESTIMATION

IlI- ADAPTATION TO TEMPORAL CONTEXT
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LOG-NORMAL FILTERS and PERSPECTIVE

Frequency band

1 | I |

. . . | | | [

Perspective estimation through 2/ |m |
. -] -
local frequency gradients EZ : -
== :

‘ Means across all orientations ‘ O: ; v | [
e ™ | R
narrow-band local frequency X

Coalxy) _

1
Cony) i hoe)

wide-band local frequency

(similar to long-range
inretactionsin V1)

C. Massot Ph-D thesis (2005)

LOG-NORMAL FILTERS and PERSPECTIVE

Perspective estimation throug
local frequency gradient

Estimates global or local
surface’s normal
with regular textures and
with irregular textures as well

C. Massot Ph-D thesis (2005)
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CORTICAL ANALYSIS OF IMAGES

I- IMAGES SPECTRA
II- CORTICAL ANALYSIS, ZOOM AND ROTATION

IlI- ADAPTATION TO TEMPORAL CONTEXT

OVERCOMING ZOOM and ROTATION

Fourier transform of the C; data

_-urn@y _@-6+9) _
Fle}== 1 {Hs(e“ﬂ)e Fe = dudg }e‘2”(‘”*”‘91)(1%(15I
a il |ve Image spectrum

F {C., }({‘ /7) — afl‘, e—(k;£2+kz/72) e—]Zn(é‘ln(a)+r]¢) -U G qun({vw,E) dvdg

v,8

Gaussanenvelope  Zoom(a) & Rotation (¢) Relative to the scene

!

|F {cii }({rﬂj independent of (a,¢)

==> Overcomes zoom and rotation variability

an operation that may exist in visual area V4...
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Model of visual area V4

N 090900000600 CPO000O

Biology:
ctimalt and 00000000602 00000000
Best responses ........ .D........
inareaVicels S 990V 0060IHPCCODOOO
20000 OE@00 OO0COGOROO

Model Fourier Log-polar Fourier
@ transform transform transform
—_— —_— —_— \
%\é “~— = VA4 cells
Retina (x,y) ff, V1 (1,6 V4 (&n)

Problem with different Zoom Ratios

Log-polar frequencies

Low frequenciegA)

l,(n(f)) => disappear
N Frequency patter(B)
6 v translates

I,(In(f)-In(a)) => High frequencie¢C)

2(In(f)-In()) oo

Classical distance: 02, =|| |1H2 + H'sz = ¥1.,(0) - ¥,,(0) = HAHZ + ZHBHZ + HCHZ = ¥12(0) = ¥,,(0)

should disappear
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Problem with different Zoom Ratios

6
W) = 2 search for
v maximum
¢ Intercorrelation
L(n(f)-In(a)) => B C between |, and |,

Better distance would be:

dz, =|AP +|cI?

i F:
Thatis: d?, =| |1H2 + HIZHZ -2 Max(yi,z(é)) Lo /‘__J’\T_f!
2 2 2 2 054" f a‘zz
A +2l8f +[cf  2l8 Tl In(a)
JLII\IZ\SI\IIE\DII\IT\EI\\IILD
EXAMPLES
Request

0 000566 0007HISE  0o034BA4

Increasing distances

0012255 0012218 HovHeS nolazed 0.014549

EH

Request

0 2013377 0015555 0034231
El E

Increasing distances

042251 (043426 01948035 0058504 0081237

HLCHE E
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CORTICAL ANALYSIS OF IMAGES

I- IMAGES SPECTRA
II- CORTICAL ANALYSIS

- ADAPTATION TO TEMPORAL CONTEXT

COMPLEX CELL ADAPTATION
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SPATIAL FREQUENCY ADAPTATION

Adaptation Test

—

ADAPTATION TO ORIENTATION

[TV
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Natural vs Computational Vision

Retina

Cortex

* Spatio-temporal high-pass => whitening (compensates for 1/f spectrum)

« Color coding => efficiency and economy
» Adaptive compression => intensity and contrast equalization
color constancy
* Random sampling => anti-aliasing
» Neuromorphic circuits => efficient for prostheses & sensory substitution

efficient algorithm for dense optic flow

« Log-polar projection => efficient for ego-motion

« Energy spectrum => independency wrt translation
scene and texture categorization

« Log-polar frequ. repres.  => easy processing of zoom & rotation

gradients (perspective)
time derivative (time-to-contact)

« lateral interactions => figure/ground separation, attention
+ other properties:
* Random sampling =>7?
« Adaptive compression ~ =>? } next...
« Top-down interactions =>7?

Oh mummy,

is it really

the End?
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Jean PETITOT
EHESS /X
http://www.crea.polytechnique.fr/JeanPetitot/home.html

""Modéles Neurogéométriques de Vision"

On proposera un modele géométrique de 'architecture fonctionnelle du cortex
visuel primaire (aire V1) et on explicitera les algorithmes géométriques que
cette dernicre implémente, autrement dit la "neurogéométrie" immanente a la
perception visuelle.

1) Le filtrage du signal optique par les neurones visuels s'apparente a une
analyse en ondelettes. La structure de contact de l'espace des 1-jets des courbes
du plan (ici le plan rétinien) se trouve implémentée par l'architecture
fonctionnelle.

2) L'intégration des contours a partir de données sensorielles éventuellement
trés lacunaires sont modélisables en termes de la géométrie sous-riemannienne
associée a cette structure de contact.

Référence :

J. Petitot, « Neurogéometrie de la vision », Ellipse - Les Editions de I’Ecole
Polytechnique, 420 pages, 2008.
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ERMITES 2010:
Vision et Cognition
28-30 septembre 2010

Modéles
neurogéometriques de
vision
Jean Petitot

CAMS, EHESS &
CREA, Ecole Polytechnique, Paris

Introduction

What | call neurogeometry concerns the
neural implementation of geometric
structures of visual perception.

It concerns perceptive geometry “from
within” (in the sense of Gromov) and not
3D Euclidean geometry of the outside
world .

The general problem is to understand
how the visual system can be a neural
geometric engine.
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Many non trivial mathematical structures
have been introduced recently to explain
natural early vision.

Contact, symplectic and sub-Riemannian
geometry arise naturally in modeling V1
functional architecture.

Sub-Riemannian geometry provides the
simplest model of the horizontal cortico-
cortical connections in V1.

In relation with wavelet analysis this
leads naturally to noncommutative
harmonic analysis on Heisenberg type
groups.
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Limitations

We focus on V1, but there are of
course many top-down feedbacks from
other areas to V1.

Neural implementation varies with
species (rat, ferret, tree shrew, cat,
macaque, man, etc.). The same
functional architecture can be
implemented in different ways.

Stephen van Hooser on “Similarity and
diversity" of V1 in mammals (comparative
study).

The gross laminar interconnections and
the major functional responses are nearly
invariant: 6 layers, LGN projecting mainly
on the granular 4th layer.

Three principal classes of LGN cells:
parvocellular (P), magnocellular (M),
koniocellular (K), etc.
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But the fine laminar structures are
quite different.

Tree shrew (Tupaya), Cat, Macaque
have orientation maps with orientation
hypercolumns and a functional
“horizontal” architecture connecting
neurons of similar orientation.

Rat and Gray squirrel have not.

Figure. Orientation simple cells (red) are
absent in macaque 4B and tree shrew
layer 4.

[[ Direction selectivity dominates in the cat
but is only common in specific layers of
macaque and squirrel.

End-stopped VS lengthsumming cells : they
decrease VS increase their responses as
bars or gratings length increases.]]
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®
Cat

Macaque monkey

2,3A,3Ba
2/3
3B B (4A)
3C (4B)
. 4A (4C0)
4B (4Gp)

Tree shrew Gray squirrel

2/3

4A (ON)

4B (OFF)
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Another limitation. Neural coding is a
statistical population coding and, for
each elementary computation, a lot of
neurons are involved.

We will not take into account
explicitely this redundancy which leads
to stochastic models.

A typical example :
Kanizsa illusory contours

A typical example of the problems of
neurogeometry is given by well known
Gestalt phenomena such as Kanizsa
illusory contours.

The visual system (V1 with some
feedback from V2) constructs very long
range and crisp virtual contours.
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N/
¢ 3

They can even be curved.

With the neon effect (watercolor illusion),
virtual contours are boundaries for the
diffusion of color inside them.

65




B. Pinna, G. Brelstaff, L. Spillmann (Vision
Research, 41, 2001)): watercolor illusion.

66




Kanizsa subjective contours manifest a
deep neurophysiological phenomenon.

Here is a result of Catherine Tallon-Baudry
in « Oscillatory gamma activity in humans
and its role in object representation »
(Trends in Cognitive Science, 3, 4, 1999).

Subjects are presented with coherent
stimuli  (illusory and real triangles)
« leading to a coherent percept through a
bottom-up feature binding process ».

« Time—frequency power of the EEG at
electrode Cz (overall average of 8
subjects), in response to the illusory
triangle (top) and to the no-triangle
stimulus (bottom ».

« Two successive bursts of oscillatory
activities were observed.

A first burst at about 100 ms and 40 Hz. It
showed no difference between stimulus types.

A second burst around 280 ms and 30-60 Hz.
It is most prominent in response to coherent
stimuli. »
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A Stimuli B Time-frequency power average C Topography
(electrode Cz) (Back view)

"
G)}

real triangle

+ —»
‘no-triangle’ stimulus

¢
curved illusory triangle
(target)

Many phenomena are striking. E.g. the
change of “strategy” between a “diffusion
of curvature” strategy and a “piecewise
linear” strategy where the whole
curvature is concentrated in a singular
point.

It is a variational problem.

68
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Bistability : the illusory contour is either a
circle or a square.

The example of Ehrenstein illusion:

69
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Stereo: we must fuse the two figures.

¢ ¢ 9

12
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Stereo: curved 2D illusory contours are
interpreted as straight boundaries of a
curved illusory surface.
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The primary visual cortex:
area V1

In mammals (especially higher mammals
with frontal eyes), due to the optic
chiasm, each visual hemifield projects
onto the contralateral hemisphere.

The fibers from nasal hemiretinae cross
the optic chiasm, while the fibers from
temporal hemiretinae remain on the
ipsilateral side.

 \

Optic nerve |-
y T
Optic chiasm

/ : \

geniculate By
\m\ = o

Optnc radiation

N

A visual
cortex cortex

72
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In the linear approximation, (simple)
neurons of V1 operate as filters on the
optic signal coming from the retina.

Their receptive fields (the bundle of
photoreceptors they are connected with
via the retino-geniculo-cortical pathways)
have receptive profiles (transfert function)
with a characteristic shape.

73
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We look only at the simplest and most
classical definition of the RFs by spiking
responses (minimal discharge field).

We don’t take into account the global
contextual  subthreshold activity of
neurons.

We look at the simplest models.

For simple cells, RFs are highly
anisotropic and elongated along a
preferential orientation.

Level curves of the receptive profiles can
be recorded :

74
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The receptive profiles can be modeled
either

by second order derivatives of Gaussians,

or by Gabor wavelets

exp(i2z) exp (— (532 + yz))
(real part).

See Jeanny Herault's talk.

17
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The RPs operate by convolution on the
visual signal.

Let I(x, y) be the visual signal (x, y are
visual coordinates on the retina).

Let ¢(x-x,, y-y,) be the RP of a neuron N
whose RF is defined on a domain D of the
retina centered on (x,, y,).

N acts on the signal I as a filter :

Ip(x0,50) = [ I(X'.Y)p(x" =X,y = yo)dx'dy’
D

A field of such neurons act by convolution
on the signal. It is a wavelet analysis.

Ip(xy)= [1(¢,y)p(x" = x,y" = y)dx'dy = (I* p)(x.y)
D

76
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True RF are far more complex. They are
adaped to the processing of natural
images (and not bars and gratings).

Joseph Atick, J-P Nadal, have shown that
Laplacian RPs can result from "efficiency
of information representation".

An efficient coding must reduce
redundancy and maximize the mutual
information between visual input and
neural response.

See Hervé Le Borgne's talk.

The statistic of natural images is very
particular because there exist strong
correlations between nearby RF.

Yves Frégnac (UNIC) : 4 statistics. Drifting
gratings, dense noise, natural images with
eye movements, gratings with EM.

The variability of spikes decreases with
complexity and their temporal precision
increases.

7
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In the linear approximation (convolution
T()) = I-p with a RP ¢(x)), the first thing is
to decorrelate the self-correlation of the
signal R(z) defined by R(x —y) = ( I(x), I(y) ).

Fields law (scale invariance of R) : the
power spectrum is

-~

Rw) = Ifo=Na

eiuucu’: a?ei}\w d\
Rlazx) = e dv = T —= aR(x)

Decorrelation = whitening
(T(D(x), T(D(y) ) = &x —y)

—— 2

‘Tum@‘:l

Covariance matrix, with ¢'(x) = ¢(-x)
T(R) =¢pxRx¢’

To get 6, we need

e

T(R)(w) = pW)R(w)p(w) = 1

78
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P’ =5 Rw) = 8@ =l

wl

This method is not adapted to noise and
enhance it at high frequencies where it is
already dominant.

We need a smoothing, hence
~ 2 R(w)4+N?
p(w)|” = TRw?

Decorrelation + smoothing leads to
Laplacian RPs.

Complex cells and their non-linearities
(Jon Touryan, Neuron, 45, 2005, "Spatial
Structure of Complex Cell Receptive
Fields Measured with Natural Images").

V1 of cat. Trains of 24 000 natural images
(different enough and normalized), every
40ms. Spike-triggered stimulus ensemble.

79
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Correlation matrix
i=N . .
Cm,n - % Zizl Sm (3) S’n (?’)

where S,(i) is the luminance of the n-th
pixel in the stimulus preceding the i-th
spike (N = # spikes).

It is applied to the Atick's transform

1
oy 0
S, = SU
0 1

The significant eigenvectors are retrieved
from

1 0
VA1
V = VE U-1
0 1

In general, there are two significant
eigenvectors, which are Gabor RFs with
the same spatial frequency and a
difference of phase ~ w/2.

80

22



A 1st ond

Hypercolumns and pinwheels

Drastic simplification : simple cells of V1
detect a preferential orientation.

They measure, at a certain scale, pairs
(a, p) of a spatial (retinal) position a and
of a local orientation p at a.

Pairs (a, p) are called in geometry
“contact elements”.

Faugeras' generalization (see below).

81
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For a given position a = (x,, y,) in R, the
simple neurons with variable orientations 6
constitute an anatomically definable
micromodule called an “hypercolumn”.

The hypercolumns associate
retinotopically to each position a of the
retina R a full exemplar P, of the space P
of orientations p at a.

So, this part of the functional architecture
implements the fibrationt: RxP — R
with base R, fiber P, and total space
V=R XP.

82

24



Hypercolumns are geometrically organized
in 2D-pinwheels.

The cortical layer is reticulated by a
network of singular points which are the
centers of the pinwheels.

Locally, around these singular points all
the orientations are represented by the
rays of a “wheel” and the local wheels are
glued together into a global structure.

The method (Bonhoffer & Grinvald, ~ 1990) of in
vivo optical imaging based on activity-
dependent intrinsic signals allows to acquire
images of the activity of the superficial cortical
layers.

Gratings with high contrast are presented many
times (20-80) with e.g. a width of 6.25° for the
dark strips and of 1.25° for the light ones, a
velocity of 22.5°/s, different (8) orientations.

83
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A window is opened in the skull above V1 and
the cortex is illuminated with orange light.

The concentration of deoxy-hemoglobine
increases when neurons are activated. The
absorption spectrum of deoxy-hemoglobin is
maximal for wave lengths about 600 nm.

The change is only about 0.2% and the
recorded images must therefore be analyzed
very carefully.

One does the summation of the images of
V1 '’s activity for the different gratings and
constructs differential maps (differences
between orthogonal gratings).

The low frequency noise is eliminated.

The maps are normalized (by dividing the
deviation relative to the mean value at
each pixel by the global mean deviation).

84
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In the following picture the orientations are
coded by colors and iso-orientation lines
are therefore coded by monocolor lines.

William Bosking, Ying Zhang, Brett
Schofield, David Fitzpatrick (Dpt of
Neurobiology, Duke) 1997, « Orientation
Selectivity and the Arrangement of
Horizontal Connections in Tree Shrew
Striate Cortex », J. of Neuroscience, 17, 6,
2112-2127.

Lateral

85
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There are 2 classes of points :

regular points where the orientation field is
locally trivial;

singular points at the center of the pinwheels;

Two adjacent singular points are of
opposed chirality.

86
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What is the structure near singularities ?

The spatial (50u) and depth resolutions of
optical imaging is not sufficient.

One needs single neuron resolution to
understand the micro-structure.

Two-photon calcium imaging in vivo
(confocal biphotonic microscopy) provides
functional maps at single-cell resolution.

Kenichi Ohki, Sooyoung Chung, Prakash
Kara, Mark Hubener, Tobias Bonhoeffer and
R. Clay Reid:

Highly ordered arrangement of single neurons
in orientation pinwheels, Nature, 442, 925-928
(24 August 2006) .
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(In cat) pinwheels are higly ordered at the
micro level and « thus pinwheels centres
truly represent singularities in the cortical
map ».

Injection of calcium indicator dye (Oregon
Green BAPTA-1 acetoxylmethyl esther)
which labels few thousands of neurons in
a 300-600u region.

Two-photon calcium imaging measures
simultaneously calcium signals evoked by
visual stimuli on hundreds of such neurons
at different depths (from 130 to 290u by
20u steps).

One finds pinwheels with the same
orientation wheel.

« This demonstrates the columnar
structure of the orientation map at a very
fine spatial scale ».
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The horizontal structure

The “vertical” retinotopic structure is not
sufficient. To implement a global
coherence, the visual system must be able
to compare two retinotopically neighboring
fibers P, et P, over two neighboring points
a and b.

This is a problem of parallel transport. It
has been found at the empirical level by
the discovery of “horizontal” cortico-cortical
connections.

89
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Cortico-cortical connections are slow
(= 0.2m/s) and weak.

They connect neurons of almost similar
orientation in neighboring hypercolumns.

This means that the system is able to
know, for b near a, if the orientation g at b
is the same as the orientation p at a.

The next slide shows how a marker
(biocytin) injected locally in a zone of
specific orientation (green-blue) diffuses
via horizontal cortico-cortical connections.

The key fact is that the long range
diffusion is highly anisotropic and
restricted to zones of the same orientation
(the same color) as the initial one.
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Moreover  cortico-cortical connections
connect neurons coding pairs (a, p) and
(b, p) such that p is approximatively the
orientation of the axis ab (William
Bosking).

« The system of long-range horizontal
connections can be summarized as

preferentially linking neurons with co-oriented,
co-axially aligned receptive fields ».

So, the well known Gestalt law of “good
continuation” is neurally implemented.
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In fact, a certain amount of curvature is
allowed in alignements.

These experimental results mean
essentially that the contact structure of the
fibration t : V=R X P—R is neurally
implemented.

The contact structure of V1

The first model : the space of 1-jets of
curves Cin R.

It is the beginning of neurogeometry
(Hoffman, Koenderink).
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If C is curve in R (a contour), it can be lifted to V.
The lifting T" is the map (1-jet)

j:C— V=RXP
wich associates to every point a of C the pair
(a, p,) where p,_is the tangent of C at a.

This Legendrian lift T'represents C as the
enveloppe of its tangents (projective duality).

In terms of local coordinates (x, y, p) inV, the
equation of I" writes (x, y, p) = (x, y, ¥').

If we have an image I(x, y) on R, we can lift it in
V by lifting its level curves.
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Fonctionality of jet spaces

The functional interest of jet spaces is
that they can be implemented by “point
processors” (Koenderink) such as
neurons.

But then a functional architecture is
needed.

Functional architectures of point
processors can compute features of
differential geometry.

The key idea is

(1) to add new independent variables

describing local features such as orientation.

(2) to introduce an integrability constraint to
integrate them into global structures.

Neuro-physiologically, this means to add
feature detectors and to couple them via
a functional architecture in order to
ensure binding.
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To every curve C in R is associated a curve I'
in V. But the converse is of course false.

If " = (a, p) = (x, y(x), p(x)) is a curve in V, the
projection a = (x, y(x)) of I" is a curve C in R.
But I' is the lifting of C iff p(x) = y'(x).

This condition is called a Frobenius
integrability condition. It says that to be a
coherent curve in V, I must be an integral
curve of the contact structure of the fibration
JT.

Frobenius condition and
Association field

Frobenius integrability condition
corresponds to the psychophysical
experiments on the association field
(David Field, Anthony Hayes and Robert
Hess).

They explain experiments on good
continuation : pop out of a global curve
against a background of randomly
distributed distractors
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Let (a,, p;) be a set of segments embedded
in a background of randomly distributed
distractors. The segments generate a
perceptively salient curve (pop-out) iff the
p; are tangent to the curve C optimally
interpolating between the a..
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This is a discretized version of the
integrability condition.

The integrability induces a binding of the
local elements. The activities of the
neurons detecting them are synchronized
and the synchronization produces the pop
out.

One must have the following type of
horizontal connectivity :

THE ASSOCIATION FIELD
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But this is exactly the integrability
condition : the association field (left)
correspond to the simplest integral
curves of the contact distribution (right).

il Sinma o P e v e

B ¥ & ¥ § &

Frobenius condition is extremely simple :

p = dy/dx

But it contains deep mathematics.
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Frobenius integrability condition is
equivalent to the fact that if

t=xyp:1,y,p)
is a tangent vector to V at the point

(x, y, p), then ¢ is in the kernel of the 1-form

® =dy- pdx
(w =0 means p =dy/ dx).

To compute the value of a 1-form @ on a
tangent vector r = (§, n, m) at (x, y, p), one
applies the rules

dx(t) =&, dy(t) =1, dp(t) =

So the kernel of the 1-form w is the field of
the planes (called the contact planes)

-ps=0.

X1=(3x+p8y=(f= 1, n=p, n=0),and
X,=0,=(§=0,1n1=0,m=1)are evident
generators.
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Moreover, in a Legendrian lift ', the
vertical component p' of a tangent vector is
the curvature of the curve C in the base
space R :

p=y = p'=)y"

The field of the contact planes has many
integral curves : all the Legendrian lifts.
But it has no integral surfaces.

This is due to the fact that the contact
planes “rotate” too fast to be the tangent
planes of a surface.
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Contact structure and
Heisenberg group

The contact structure on V is left-invariant
for a group structure which is isomorphic
to the Heisenberg group :

(@, y.p).(z",y.p) = (@+ 2",y +y +pr',p+p)
If t = (&, n, ©) are the tangent vectors of

U =T,V, the Lie algebra of V has the Lie
bracket

] =[(&n,m). (&0, @) = (0,&'m — &', 0)

In matrix terms, v = (x, y, p) and t = (&, 1, 7)

t15) ()

Inner automorphism :
A, v’ — v’ vt

(z',y,p') — (2,9 +pz’ —p'z,p)

o g
—_8
o o 3
O in 3
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Tangent map of A, at O :

1 0 0
Ad, = | p 1 —x
0 0 1

This yields the adjoint representation of the
Lie group V on its Lie algebra U =T,V.

For the coadjoint representation, take the
basis {dx, dy, dp} for the 1-forms of U™ :

0 = adz + Bdy + ddp = (a, 3, 9)

We get  (Ad;(0),t) = (6, Ad—(t))

Ad;;(0) = (o — Bp, 8,0 + Bx)
Orbits :
If B #0, planes 3 = cst.
If B =0, every point of the (a, 0, ) plane.
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« For X;=0,+pd,=(1, p,0), and
X,=0,=(0,0, 1), we have :

[X,, X;,]1= X;=-0,=(0,-1,0)
(other brackets = 0).

It is essential to understand this
geometry since it drives diffusion (heat
equation) and propagation (wave
equation) in V1.

Sub-Riemannian geometry

In this neuro-geometrical framework, we
can easily interpret the variational
process giving rise to illusory contours.

The key idea is to use a geodesic model
in the sub-Riemannian geometry
associated to the contact structure.

This deepens the “elastica” model
proposed by David Mumford.

See Ugo Boscain's and Jean-Paul
Gauthier's talks.
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If K_is the contact structure on vV and if
one considers only curves I' in V which are
integral curves of K, then metrics g
defined only on the planes of K_are called

sub-Riemannian metrics.

In a Kanizsa figure, two pacmen of
respective centers a and b with a specific
aperture angle define two elements (a, p)
and (b, g) of V.

An illusory contour interpolating between
(a, p) and (b, q) is
1. a curve C from a to b in R with tangent p at a
and tangent ¢ at b;

2. a curve minimizing an “energy” (variational
problem), that is a geodesic for some sub-
Riemannian metric.
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For a model isomorphic to the space of
1-jets (the Heisenberg group), Richard
Beals, Bernard Gaveau and Peter
Greiner have solved the problem.

They claimed :

“The results indicate how complicated a
control problem can become, even in the
simplest situation.”

In 1977 Bernard Gaveau still said:

“Le probléme variationnel est le probleme de
minimiser I'énergie d'une courbe de la
variété de base sous la condition de
Lagrange que son relévement horizontal est
fixé dans le fibré. Ce probléme semble non
étudié.”
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It is natural to take on the contact planes
the metric making orthonormal their
evident generators : X, =0, +po ,
X,=0,whose Lie bracket is [ X}, X, ]=

~X;=-0,

The structure of geodesics implies that
the sub-Riemannian sphere S and the
wave front W (geodesics of SR length 1)
are rather strange. We can compute
them explicitely (it is a variant of Beals et
al. computations).

-1

L i L 1 )
-L.0 05 111} 05 1o

106

48



Geodesics are projections on V = R3 of
Hamiltonian trajectories of an
Hamiltonian H defined on the cotangent
bundle T *R3 .

The fundamental problem (compared
with Euclidean geometry) is that the
exponential map &, (the process of
integrating geodesics starting at v) has
singularities.
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Sphere S(v,r)={w:d(v,w)=r
(geodesics that are global minimizers)}.

Wave front W(v, r) = { w : 3 a geodesic
v : v — w of length r (not necessarily a
global minimizer)}.

Cut locus of v={ w: w end point of a
geodesic 7y :v — w which is no longer
globally minimizing }.

Conjugate locus of v = caustic = X =
{ singular locus of & }.

The geodesics are the projections of the
trajectories associated to the Hamiltonian

1
H(:Ea yapa‘gana ﬂ') = 5 [(‘5 —I—p':'?)z + 71'2]
which corresponds to the metric making

X1 = (Lpaﬂ)aX? = (0305 1)

{X1=%+Pa%
X, =9
2_8p

an orthonormal basis.
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Hamilton equations are

[ i(s) = é =£+pn
y(s) = an =p(&+pn)
9 Bls) = 68H i
o -8
| 7(s) = =%, = —n(E+pn)

The moments & and 1 are constant
because H is independent of x and y.

The integration of the (x, p) part is the
easiest (t is the end time and x,, y,, p,
the end points of the geodesic starting at
0). It yields :
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The integration of y is much more
complex. It yields

1

= [—2m0s (23 + pT) — 4@1picos (no (s — 7)) +

y() —w = 8 (cos (noT) — 1)
2 (:c% — p%) sin (no (s — 7)) +

2z1p1 cos (o (25 — 7)) — (:c% — pf) sin(m (2s — 7)) +

221 p1 cos (no7) + (27 — p}) sin (no7) +
2 (2] + p?) sin (nos)]

The key point is that we have, with
z = (x, p) and the new variable

p = 1

2

with

1
4 (yl - mp) — () [122]?
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So geodesics with the same end points
correspond to the solutions of the
equation

u(ep) = cst

For instance, forx, =2, p, =4, y, = 104,
we find u(¢) = 20, which has 11
solutions.

111

53






?+p° -z (9:1 + p1 cot (??077')) —p(pl — x1 cot (?%T)) =0

.=

[N

Projections of geodesics on the (x, p)
plane are circles

with center

1
($1 + p1 cot (%—T)) Ye =5 (P1 — zjcot (770?7'))

2
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To compute the sub-Riemannian sphere
and wave front we must compute the
sub-Riemannian length L of geodesics.

We find the fundamental equation (for L
= sqrt(2))

[sin ()|

|z1| =

And therefore

Ir, =

P1=

U1

A
|sin(¢)|
@

sin (6)

@ + 2sin? () cos () sin (A) — cos () sin ()

4p?
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Unitary irreducible
representations

Since the sub-Riemannian geometry is
invariant under the group structure of V, it
is essential to know the unitary
irreducible representations (unirreps) of
this group.

We can adapt a celebrated result for the
Heisenberg group known as the
Stone - von Neumann theorem.
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The unirreps of V are either trivial ones of
dimension 1 multiplying z € C by

T (z,y,p) = et (ne+vp)

or infinite dimensional ones operating in
the Hilbert space L? (R)

T2 (@, y,p) u(s) = 2@y (s 4 p), with A # 0

Kirillov : they correspond to the orbits of the
coadjoint representation of V.

Planes B = cst=A for 3 # 0 correspond to

T2 (@, y,p) u(s) = 2@y (s 4 p), with A # 0

Points of the (a=p, 0, =V) plane for B=A=0
correspond to

T (z,y,p) = et (ne+vp)
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Contact structure and
Euclidean group

Alessandro Sarti and Giovanna Citti
emphasized the fact that it is more
natural to work in the fibration

mw:V=RxP— Rwith P=S! and with
the contact form

@ = —sin(0)dx + cos(0)dy
which is cos(0)(dy — pdx)

(No privileged x-axis)

The contact planes are spanned by
Xy = cos(6) 8; +sin (6) 9,
with Lie bracket
[ X1, Xso] =sin (0) 0, — cos (0) 0, = — X3

(Tangent vectors are interpreted as
oriented derivatives.)

This is a non-holonomic basis.
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V becomes a Lie group isomorphic to the
Euclidean group (semi-direct product)

E(2) = SO(2) x R?

T T x1 4+ xocos(f1) — yasin(6;)
Y1 A owe = Y1 + xosin (01) + y2 cos (61)
01 6 01 + 02

This group is not nilpotent and its tangent
cone is the Heisenberg group.

Left invariance :
{8:,;,5@,,89}0

left translates into the non-holonomic
basis

{cos (0) O +sin (0) 9y = X1, —sin () O + cos (0) Oy = X3,00 = X},
and the covector
wo = dy

left translates into the contact form o .
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Curvature and Engel structure

Some experiments (Steve Zucker)
seems to indicate that there exist in
the primary visual cortex curvature
detectors.

If we want to model this possibility, we
must use 2-jets spaces and add a new
independent variable K, which will be
interpreted as the curvature of curves
C in the (x, y) base plane R.

In the 3D space
V =R%xs!

we have the contact structure defined by the 1-form K
w = —sin(f)dzx + cos () dy
The (non holonomic) basis for the contact planes is

X1 = cos (0) 0, + sin(0)9,
Xo = 0Op

The Lie bracket is

[ X1, X5] = X3 = —sin(0)9, + cos (6) 0,
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We want to add curvature K and work in the 4D
space
W=R?xS'xR

Now, we have a Pfaff system constituted of fwo 1-
forms: w and
T =df — Kds

If we parametrize the curves in the base space (z,y)
using the arc length s, the curvature is

do
K=

In cartesian coordinates, for a curve with (local) equa-
tion y = f (z), the curvature is

f" (z)

K = 2
(1+ @)

The link between the two formulas is easy:

z' (s) = cos (6)
y'(s) =sin(0) = f' (z) 2’ (s)
y' (s) = " (&) ()" + f' (z) 2" (s)
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_ Y (s) = [ (=) 2" (s)

" (z)

o (s)°
_ cos (0) 6’ (s) + tan (0) sin (0) €' (s)
cos (6)*
B 1 sin(9)°\ K
-K (COS (9) i cos (9)3)  cos (6)°
But
1
1+ f'(z)° =1+tan(0)° =
7 @) =1+t =
and therefore
K = frr (m) COS (9)3 _ fH (x) a7
(1+ £ @)
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To express the second 1-form 7, we write

dx = cos (0) ds
dy = sin(f)ds

ds = cos (0) dz + sin(0)dy = (cos (0) + Sin(9)2) ds
and therefore

T=d0 — Kds
7 = df — K (cos (0) dz + sin(0)dy)

The kernel of 7 is generated by the 3 tangent vectors
X{ =cos (0) 0, +sin(0)0, + Kdp = X1 + KXo
X3 = —sin(#)39; + cos (6) 0,
Xf =0k

while the kernel of w extended to W is generated by
X1, X9 and Xf .
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In the 4D space W, the tangent vector X; + K X5 is
helicoidally unfolded along the K-axis.

The distribution of planes is now Span {Xf{ XK }
It generates the whole Lie algebra since

(X1, x5
[[X{ X8, X

—Xo = —0p
X3 = —sin(0)0, + cos (0) 9y

X +KX,
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Sub-Riemannian geometry of
the Euclidean group E(2)

For the non nilpotent Euclidean group,
Andrei Agrachev and his group at the
SISSA (Yuri Sachkov, Ugo Boscain, Igor
Moiseev) solved the problem of SR
geodesics and Sachkov compared it with
the Mumford’s elastica model.

One works in the fibration V=R? x S!
where the Legendrian lifts are solutions
of the control system :

T = uy cos (0)

Y = wupsin (6)
0 = U9

Let

P = (Pzy Py, ps) €TV
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The Hamiltonian on T*V for geodesics is

H(p.q) = 5 (3 +3) = 5 ((pacos(6) + py sin (6))° + 17

Hamilton equations are therefore :

(5 = ﬂ = P cos? @) + Py COS (#)sin (0)

Op
{ 9= 3—£ = p, sin® () + p.. cos (6) sin (6)
— 9H __
( V= Dpe P
(
Py = _% =0
| o = —%7 = (pzcos (0) + pysin (0)) (—pa sin (6) + py cos ()

The system can be explicitely integrated
via elliptic functions.

The sub-Riemannian geodesics are the
projections of the integral curves on V.
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Scale-space and symplectic
structures

The contact structure of V is defined as
the kernel field of the 1-form w .

But this field is only defined up to a scale
factor s =¢°, wand sw having the same
kernels.

It is therefore natural to enlarge the 3
dimensional contact space V=R? x s’ to
the 4 dimensional space G =R? x S xR
with coordinates (x, y, 6, o).

G is the affine group of the plane and its
invariant basis is now

X1 = €7 (cos(8)0, +sin(f)0,)

X2 — 39
X3 =€ (—sin(f)0, + cos(#)9,)
X4 — 60.

the invariant 1-form being now

w= e~ 7 (—sin(f)dx + cos(0)dy)
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dw is the symplectic 2-form on G
dw = (e_" cos(Q)dx +e™7 sin(@)dy) A df +
(—e_" sin(f)dr 4+ e 7 cos(@)dy) Ado.

deduced via left translations from the
canonical symplectic 2-form at 0

dx N df + dy N do.

Indeed, the translated of dx and dy are

{ v =e"7 (cos(f)dz + sin(0)dy)
w=e"7 (—sin(#)dx + cos(0)dy)

and dw =vAd0+wANdo

dw can be writen using an antisymmetric
matrix B

dw(X,X') = (BX,X')

0 0 —cos(f)  sin(@)
s 0 0 —sin(f) —cos(f)
B=e cos(f)  sin(f) 0 0
—sin(f) cos(f) 0 0

—B? = BB* is positive definite —B2 =¢~2°]
and we can therefore consider
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P=+v-B?=¢71

Then, J = BP 1 =¢°B satisfies J2=-1

and defines a complex structure

0 0 —cos(f)  sin(f)
0 0 —sin(f) —cos(f)
cos(f)  sin(f) 0 0

= (
—sin(@) cos(0) 0 0

If we define a new scalar product by
(X]Y) =77 (X]Y)

then dw(X,Y) = (JX|Y)
The planes Span{ X, X, }, Span{ X;, X, }

are complex lines (real planes), on which
J acts as multiplication by i.
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The equation of the contact curves is
Y1) = X1(y (1)) + k(1) X2(y (1)),
v (0) = (xo0, Yo, 6o, 00),

For k = cst, solutions are

[(x = & (sin(kt + 6g) — sin(bo) + kxo) ,
y = 7 (—cos(kt + 69) + cos(8o) + kyo) ,
9 = kr + '901

o = 0.

For the distribution { X;, X, }, the equation
of the integral curves is

y'(1) = X3(y (1)) + k(1) X4(y (1)),
v (0) = (x0. Yo, 6o, 00)-

For k = cst, solutions are

=

= —30) go0 (ekt _ 1) 4 xo,
y = S50e (K — 1) 4y,
6 = 6o,
| o = kt + oy.
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The projections on the (x, y) plane are :
circles of radius 1/k tangent to the x-axis

lines independent of k through (x,, y,) and
orthogonal to the direction 6, in the fixed
“vertical” plane Span{ X,, X, }.
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Another (logarithmic) model for the scale-
space (zoom and blowing up). See Citti,
Sarti, Petitot, J. of Phys. Paris, 103, 1-2,
20009.

We take
w= 0" (—sin(#)dz + cos(8)dy)
Then

dw = o7 (cos(@)dx + sin()dy) A df

+072 (= sin(0)dz + cos(0)dy) A do
1

= 0 "wi Nwa —I—O'_ng AN Wy

The scaled tangent vectors are
Xl: XQ: JXS} UX4-

For o =0 we get the contact
subRiemannian geometry and for o= 1
we get the Euclidean geometry.

Y'(t) = Xa(y(t)+ha Xa(fy(t)) +k3o X3 (y(t)) +kao Xa((1))
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Minimal surfaces in V1

It seems that illusory contours are in fact
boundaries of illusory minimal surfaces in V1.

The theory of surfaces S in a contact manifold
endowed with a sub-Riemannian geometry is
rather difficult.

There are in general “characteristic” (generically
isolated) points where S is tangent to the contact
plane and where the normal vector relative to K _|

is not defined.

See Scott Pauls : « Minimal surfaces in the
Heisenberg group ».

Coherent states and harmonic
analysis on Lie groups

The natural context of signal analysis in
natural vision is therefore that of coherent
states. We have

An Hilbert space 7 = L? (R?)

A (locally compact) Lie group G acting on #
via an irreducible unitary representation .

A well localized « mother » wavelet ¢, € H
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Coherent state = G-orbit {94} e of %0

Harmonic analysis of a signal f':

f(z) = fG T) (9) 0, (2) du ()

The transform of fis :

Ty (9) = (f.9,) € L*(G)

The Gabor transform corresponds to the
analysis :

(a,w) /f (z—a) (x—a)*dxeLQ(RQ)

fla) =

with the synthesis :

5 f Gy(a,w) eiw(@=alg (r —a)dadw.
2 ||gl|” Jr

The coherent states are :

Gao (:I?) — eiw(m—a)g ($ o a)
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For classical wavelets, the coherent states
are

1 _
Pas(t) = Z2p (552
and must satisfy the admissibility condition
Cp = fR|@(€)|2 (i_‘f < o0

The synthesis is given by the Calderon
AW 0,) = (£, 0.

f@ == [ T

Co

ds da

S S

Coherent states enable to represent a
signal fe # by its transform

T (9) = (f.¢,) € L (G)

It is what is done by V1, the (f,¢,) being
the measure of f by the receptive profiles

q)g'
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Harmonic analysis and
symmetry axis

We can apply this to the mother wavelet

1 —=2442) 24
P0.0)(T,y) = ez—a‘f%i’“_le?a

and look at the associatated coherent
state.

Let C be a closed boundary in the retinal
plane R? and a = (x, y) a point inside C.

Citti-Sarti : If we look at the maximal
responses of the receptive profiles
centered at a, and if ¢ is the nearest point
of C relative to a, then

A((z.9).0) = 75¢°

and @ s the direction of C at c.

We can therefore lift R2 to a surface Xin G
¥ ={(z,y,0(x,y),5(z,y))}
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The tangent vecteur over a = (x, y)
X1 = €7 (cos(0)0, + sin(6)0,)

is parallel to C at ¢ which is at minimal
distance and therefore, as a derivative,
satisfies

X, (5)=0
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The tangent vector over a = (x, y)
X3 = €7 (—sin(0)d, + cos(0)0d,)

is orthogonal to C at c and 6 is constant
along this direction. Therefore
X5 (8) =0

Now, the tangent plane to X: T 5.
is generated by the 2 vectors

{ X1+ Xy @) Xo+ X1 (6) Xy
X3+ X3 (9) Xo + X3 (5’)X4

But, since
X1 (5)=X5(8) =0

it is in fact generated by

X1+ X1 (0) Xz

X3+ X3 (o) Xy
Asdv=vANdl+wNhdo =wi ANws + w3 Awy

we see that dw vanisheson 7Y : Xis
therefore a Lagrangian submanifold of G.
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The transform of a closed contour C by
this coherent state realizes the
propagation of C via the eikonal equation
of geometrical optics (Huyghens or

« grassfire » model).

The singular locus of this propagation is
like the « symmetry axis » or « medial
axis » whose role in vision has been
strongly emphasized by many authors
after Harry Blum : René Thom, David
Marr, David Mumford, Steve Zucker,
James Damon, Benjamin Kimia, etc.

MA of a rectangle

MA of an ellipse computed by A. Sarti
using the coherent state

B BN A S R R

FIGURE 11. Level curves of 8(z.4) (blue) and &(z.v) (red).
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Non-commutative harmonic
analysis

To a geometry with geodesics are associated
diffusion / propagation processes.

Classical heat kernel :

of(x,s)
0s

= Af(x,5)

Elementary solution in R3:

Af(x) = 6(x) — 5N
Solution of
Af(x) = u(x) — 1 Joo ey

Links with Euclidean geodesics. These
are the projections on R3 of the
bicharacteristics in the cotangent bundle.

The Hamiltonian of the bicharacteristics
is the symbol of the Laplacian (sum of
the squares of the moments):

H (z5,€;) = €° = LI &
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Hamilton equations :
ij(s) = QL = 2¢; et &;(s) = — 2L =0

Solutions :  §; =¢;

If x(0)=0 x(7)=X then

T; (S) = 26j5+dj

Lagrangian (Legendre transform of H) :

S e —H (1,€;) X (645 -

. S — \2 _
=5 :323 zjzi _ (% _ =112
=1 2r T 27 412

Action integral along a geodesic :

s [1an- [ I
JO

47

&

)
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S is a solution of the Hamilton-Jacobi
equation :

B 4+H(xVS) =0 B =_|vs|’

Fundamental solution (heat kernel) :
1 %12

P(x,s) = (2\/7?_5)36_ Zs

General solution :

1

f(X,S) - (2\/71'—8)3 ]

llx—yI 2
/6_ = u(y)dy
B3

Harmonic analysis and SR
geometry

To understand correctly V1, we would

have to correlate harmonic analysis and

sub-Riemannian geometry, and in
particular investigate the sub-elliptic
Laplacian and the heat kernel.

For the Heisenberg group, there are
works of R. Beals, B. Gaveau, P.
Greiner, D-Ch Chang.
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The problem is rather difficult since there
are cut points in every neighborhood of
each point and the classical analysis of
heat equation fails at these singular
points (B. Gaveau, IHP, 26-10-2005).

The sub-Riemannian
Heisenberg case

Gaveau, Beals, Greiner, Chang.

The problem is complex because there
exists a complicated cut locus.

Coordinates (z, t) in R3. Heat equation :
Of(z,t,s) _
)k = Axcf(2,,5)

with the sub-Riemannian Laplacian.
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Heat kernel :

P (z,t,s) = : /‘ = e(%i_(”ﬂz)ﬁﬁﬁgj)dr
R

271- 5 sinh 27')

E(zt 'r})
-

T

Z” tanh (27)

with v (r) =2 Y(z,t,7) = —iTt+]||

sinh (27)

to be compared with

1 %12
P(x,s) = g€ i

(2y/75)°

As the action X is complex, P is an
oscillatory integral if # # 0 (especially when
z=0).

One must use techniques such as the
stationary phase principle (semi-classical
approximation).

For s — 0, the oscillatory integral

1

cplg.T)
I(q,s) = W [et s a(q,T,S)dT

concentrates on 9@ 7) _ 0
T
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Recently (2008), Andrei Agrachev, Ugo
Boscain, Jean-Paul Gauthier and
Francesco Rossi have found the heat
kernel for G = SE(2) (and all unimodular
Lie groups with a left-invariant sub-
Riemannian geometry).

The hypoelliptic Laplacian is the sum of
squares of the bracket generating Lie
subalgebra :

Ag = X7+ X3

They use the non-commutative
generalized Fourier transform (GFT).
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Application to spontaneous
geometric visual patterns

A beautiful application of these models of
functional architecture concerns entoptic
vision (hallucinations).

Paul Bressloff, Jack Cowan, Martin
Golubitsky :

by encoding the functional architecture of
V1 into the Hopfield equations of a neural
net, one is able to deduce visual
morphological patterns.
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Let (x, 8) be local coordinates in the
model V of V1.

Let a(x, 6, 1) be the activity of V1. We look
for the PDE governing the evolution of a.

Using standard Hopfield equations for
neural nets, we get :

0(x9t

ot

a(x,0,t)+ / / w(x,0x",0") o (a(x',8',t)) dx'd0'+h(x,6,t)

where ¢ is a non linear gain function (with
o (0) =0), h an external input and

w(x,0[x',60")

is the weight of the connection between the
neuron v = (x, 6) and the neuronv'= (x', 8,
o a parameter of decay (« can be taken = 1)
and u a parameter of excitability of V1.
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The increasing of 4 models an
increasing of the excitability of V1 due to
the action of substances on the nuclei
which produce specific neurotransmitters
(such as serotonin or noradrenalin).

Encoding the functional architecture into

the synaptic weights

Bressloff et al. encode only the strictly
coaxial alignements. Here again, it is the
simplest model.

The local vertical connections inside a
single hypercolumn yield a term:

w(x,0]x",6") = wioe (0 —0")6(x—x)

where 9 is a Dirac function imposing

X =Xx"
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The lateral horizontal connections between
different hypercolumns yield a term:

w(x,0]x',0") = wia (x —x',0)5 (0 —0)
where the factor
§(0—0")
imposes 6 = 8" and expresses the fact that

the horizontal cortico-cortical connections
connect parallel pairs.

Moreover, the coaxiality g — ¢ = xx’

is expressed by the fact that

Wiat (X — X',0) = wiat (5) 6 (x — X' — seg) = w (r—g (x — X'))

where ¢, is the unit vector in the direction
6.

As the weights w are E(2)-invariant, the
PDE is itself E(2)-equivariant if 4 = 0.
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Dynamically emerging morphologies and

bifurcations

We suppose that there exist no external
input, that is 2 =0. For u =0, the state
a =0 is trivially the state of the network
and it is stable.

a =0 is the “ground state”. It can be very
complex (endogeneous activity,
spontaneous noise, etc.)

Now, the analysis of the PDE shows that,
as the parameter u increases, this initial
activation state a =0 can become unstable
and bifurcate for critical values p, of u.
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The new stable activation states present
spatial patterns generated by an E(2)
symmetry breaking.

The bifurcations can be analyzed using
classical methods:

Linearization of the PDE near the solution
a =0 and the critical value ..

Spectral analysis of the linearized equation.

Computation of its eigenvectors
(eigenmodes).

Hypothesis of periodicity w.r.t. a lattice of R.

Here are some examples of eigenmodes.

(c) (d)
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Patterns as virtual retinal
images
The last step is to reconstruct from

eigenmodes in V1 corresponding virtual
retinal images.

For that, we must take into account the
retinotopic conformal map mapping the
retina R on V1.

See Jeanny Herault's talk.

(@) Macagque

I'he small contral region of the
visual field projects o a lirge
part of primary visual dortes.

VAR
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A good model is a wedge-dipole model
for V1, V2, and V3

Log[(w(z)+a)/(w(z)+b)]

where w(z) wedges the argument.

Left (G) : V1-V2-V3 (Horton & Hoyt
1991).

Right (H) : fit with a wedge-dipole model
(Schwartz 2002).
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Lines in V1 correspond qualitatively to
spiral on the retina.

4
’,
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If we apply the inverse of the conformal
map to the eigenstates of the PDE (as if
V1 activity was induced by a real stimulus)
we get quite exact models of Kluver's

planforms.
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Open problems

Many problems concerning the modeling of

experimental results are open. For instance :

The very strong correlations between orientation
and other variables : spatial frequency (varying
along pinwheels rays), phase (varying inside
columns), ocular dominance.

To take into account binocular vision, stereopsis,
depth and 3D shapes.

To take into account the subthreshold activities
(integration field) and the responses to natural
stimuli (not too simple gratings).
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Ugo BOSCAIN
SISSA / Italie
http://www.cmapx.polytechnique.fr/~boscain/

"Anthropomorphic Image Reconstruction via Hypoelliptic Diffusion"

We present a model of geometry of vision which generalizes one due to Petitot,
Citti and Sarti.

1) One of the main features is that the primary visual cortex V1 lifts the image
from R2 to the bundle of directions of the plane P T R2=R2 x P 1.

2) In this model a corrupted image is reconstructed by minimizing the energy
necessary to activate the orientation columns corresponding to regions in which
the image is corrupted.

3) The minimization process gives rise to an hypoelliptic heat equation on

PTR"2. The hypoelliptic heat equation is studied using generalized Fourier
transform.

Références :

Ugo Boscain, Jean Duplaix, Jean-Paul Gauthier, Francesco Rossi, Anthropomorphic
image reconstruction via hypoelliptic diffusion. http://arxiv.org/abs/1006.3735

Ugo Boscain, Grégoire Charlot, Francesco Rossi "Existence of planar curves
minimizing length and curvature" , to appear in Journal of Mathematical Sciences.

I. Moiseev, Yu. L. Sachkov, Maxwell strata in sub-Riemannian problem on the group
of motions of a plane, ESAIM: COCYV, to appear
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Anthropomorphic image reconstruction via
hypoelliptic diffusion

Ugo Boscain (CNRS, CMAP, Ecole Polytechnique, Paris, France)

Jean-Paul Gauthier (Toulon)
Francesco Rossi (Marseille)

October 4, 2010

The Hole

)
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The two fishes of Kaniza

An algorithm of image reconstruction based on a model
of geometry of vision

sub—Riemannian
geometry

Model of geometry of vision Theory of

on Lie groups (SE(2)) (Petitot, Citti Sarti, Agrachev, Rossi,U.B.) Hypoelliptic Operators

P
5(=Z uF (%) ‘ > u,zdt—> min
. 1 conJm from the community of Geometric Control and sub—Riemannian geometry
At the moment our anthropomorphic algorithm does not work better than
existing algorithms based on
segmentation
wavelets
exemplar-based methods

But it can be useful:

—in combination with exemplar-based methods

—to validate/invalidate the biological model (via comparison with
psychological experiments)
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The model

This model was originally introduced by
m Jean Petitot (CREA, Paris)

then refined by
m Giovanna Citti (Bologna), Alessandro Sarti (CNRS, Paris)
m Andrei Agrachev (SISSA, Trieste, Italy)

m Gregoire Charlot (Grenoble), Jean-Paul Gauthier (Toulon), Francesco
Rossi (Marseille) and U.B.

I will also talk about the work by

m Yuri Sachkov (Pereslav) and Igor Moiseev

Funding

—ERC StG 2009 GeCoMethods (EU)

—PRIN 2008 ” A geometric approach to controlled dynamics and
applications” (IT)

—ANR (FR)
—DIGITEO “CONGEO” (FR)
—+GDRE (INDAM/CNRS) “CONEDP” (IT-FR)

—ESF “OPTPDE” (EU)
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two ideas coming from neurophyology of the visual

cortex V1

B - Primary Visual
Corex (V1)

A. In the visual cortex V1, groups of neurons are sensible to
both positions and directions. Hence the visual cortex lifts
an image on the PTR? = R? x P

B. an image is reconstructed by minimizing the energy
necessary to excite groups of neurons that are not excited
by the image in PTR?.

Al. The lift in PTR?

Hubel and Wiesel (Nobel prize 1981) observed that there are (groups of)
neurons sensitive to the direction.

connection among hypercolumns orientation columns
\ o
hypercolumn //

%)

visual cortex V1

\

copnection among
oyientation columns

curve

Plane of the image
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A2. The lift in PTR?2

m the brain stores an image as a set of points and tangent directions. i.e.
it makes a lift to PTR? = R? x P!. The projective tangent bundle of
R? (or bundle of direction of the plane).

Pl
0~
Q@
R
0 +
x2
T Jaelo, ]/ ~

m PTR? can be seen as a fiber bundle whose base is R? and whose fiber
at the point (x1,x2) is the set of straight lines (i.e. directions
without orientation) d.,.,, attached to (21, 22).

A23 The lift of a curve

(x1(t), z2(t)) curve in R? A (x1(t), z2(t), a(t)), curve in R?* x P!
— Ea(t)

a(t) = arctan (Qb?(t)) € [0,7]/ ~

Example: (cos(t),sin(t)):

—every C! submanifold of R? has a lift.
—mnot all curves in R? x P! are lift of planar curves
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A3. Which curves are lift of planar curves?

A curve in (z1(t), z2(t),a(t)) in R? x P! is the lift of a planar curve if

a(t):arctan@fg;) & {%

ie. writing x = (z1, 22, «) if

cos(a) 0
T = qu + ’U)(Q7 X1 = sin(a) s XQ = 0 s
0 1

Projective Reed-Shepp car

t (t)
;)sm(a(t)) a0/~ ()

Remark: If 6 € [0, 27]\ ~ then we have to assume u > 0 otherwise « is not
the angle of (i1, 42)

uw>0 u<0

—but this choice gives problems for existence of minimizers

B1l. How V1 reconstruct an interrupted curve

XZ

Y,(b) Y,(c)

X!

Consider a smooth curve 7o : [a,b] U [c, d] — R?, interrupted in [b, c]. We
want to complete vo by a curve v : [b, ¢] — R? that is:

= y(b) =0(b), v(c) = 0(c)

= §(b) ~ H0(b) # 0, ¥(c) ~ Ho(c) # 0.

a we assume 7(b) # 7(c), 4o(b) # 0, Fo(c) # 0

166




B1l. What to minimize?

there are many models describing situations where the brain takes the
decision that minimize some cost (which can be external or internal to the
brain)

—when moving objects with the hands, the brain minimizes a compromise
between energy and the stress of muscles (external cost).

—For reconstruction of images, the (internal) minimized cost is the energy
necessary to activate neurons that are not naturally activated by the image.
Given a neuron that is already active, it is easy to make activation of
neurons that are:

-) close to it,

-) sensitive to a similar direction.

i.e. close in R? x P

The most natural cost for lift of planar curves on PTR?

Riemannian length:

c c
/ \/mds:/ \/u2+ﬂ2’l)2 ds — min
b b

on all curves in PTR? that are lift of planar curves (non-holonomic
constraint)

Then we get a problem of sub-Riemannian geometry (on PTR?):

c

T =uX1 +vXa, / u? 4+ f2v%2ds — min  ~ / (u2 + ﬂ2v2) ds — min,
b b

cos(a) 0
x = (x1,22,x), X1 = sin(a) , Xo = 0 |,
0 1

dim(spanm{Xl,Xg, [X1, X2]}) =3

initial and final positions are fixed in PTR?.
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b
5,0 ¥ ©

Consider a smooth curve 7o : [a,b] U [c, d] — R?, interrupted in [b, c].
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Advantages of this cost

1) it is the only sub-Riemannian cost on PTR? invariant by
rototranslations of the plane (observed by Agrachev)

2)
Jy Vu? + p?v%ds - min -~ [F (u® + B°v?) ds — min

connec. among connnec. among
hypercolumns orient.columns

good model for the energy necessary to activate orientation columns which
are not directly activated by the image

3) The factor 3 can be eliminated with the transformation
(z,y) = (Bz,By), i.e. by a “dilation of the initial conditions”
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4) It is a compromise between length and curvature:
[Vitvirmaa= [ VErmeas= [ VEFFERERE ds
b b b

5) there is existence of minimizers in the natural functional space

D:={yeC*(b,d,R%) | \/Ilﬁ(t)l\"’ + B2 (@)II2E3(t) € L' ([b. o], R),
Y(b) = wo, v(c) = z1, (b) = vo, Y(¢) = v} (2)

(~ for the optimal control formulation to have u,v € L")
—minimizers are analytic functions with no more than two cusps

6) Since it is a sub-Riemannian cost, there is a natural hypoelliptic
diffusion equation that can be used to reconstruct images

Other costs

In all problems of image reconstruction the curve is reconstructed by
minimizing a compromise between length and curvature + invariance by
SE(2).
Since K(t) = % it is natural to require v € C2, 4 # 0,
m Elastica type functionals fOL(A/ ) K2 (v) ds (Mumford, Cao, Gousseau,
Masnou, Pérez, Coope, Linnér)

L] fOL(W)(l + K?(v)) ds (Mumford,Bellettini, Linnér). Minimizers must

be studied in sophisticated functional spaces and may present angles
(the curvature becomes a measure).

—also nonisotropic diffusion (Duits, Franken)
m a model due to Citti and Sarti OLW) V14 K2%(v) ds
(based on certain neuro-physiological observations)

—no existence (G. Charlot, F. Rossi, U.B., 2010). There exists minimizing sequences

whose limit is:

boundary conditions
are not satysfied

The same happens with our cost and a € [0, 27]\ ~ and u > 0.
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Al Jo VIFOP+ BPIROPK@? dt, - [B] [y VTF K () ds
—1if 4 # 0 it is just a change of time fg I5(E)]|dt" = s = ||¥||dt = ds.
—For initial and final conditions for which [A] has no cusps then
minimizers of [A] are minimizers of [B].

—For initial and final conditions for which [A] has a cusp then

it may happen that [B] has no existence of minimizers

N =

minimizer of [A] minimizing sequence of [B]

—In any case “stationary points of [B] have no cusps. Maybe the right cost
is [B] and one has to look only for stationary points.

(but I do not know if there are stationary points without cusps for every
initial and final condition)

—reconstruction of curves

—reconstruction of images
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Computation of optimal trajectories for curve-reconstruction:

m compute candidate optimal trajectories with the Pontryagin
Maximum Principle (they can be computed explicitly in terms of
elliptic functions)

m evaluate their optimality (very difficult point)

m the local behavior of optimal trajectory is very complicated (even
more complicated than the Heisenberg group)

generic case

Heisenberg

Cut locus
first Conjugate locus ~

«——Sub-Riemannian sphere

the distance is:
—) highly non—isotropic
—)non—smooth even for short time

" Starting point

Pontryagin Maximum Principle

Consider a control problem of the type
T
T =uX1+ vXo, / (u2+v2) ds — min
0

where x € M?, and dim(Span{X1, X2, [X1, X2]}) = 3. Then optimal
trajectories are solutions of the Hamiltonian system (called geodesics):

i = %((R X1)? + (P, X2)?)

corresponding to a level set H = cost(T) # 0.

—1In the following I fix H = 1 (arclength)
—the initial covector P(0) parameterizes the geodesics
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In our case

cos(a) 0
xr = (ml,xg,a), P = (Pl,PQ,Pg), X1 = sin(a) B X2 = 0
0 1

Hence with P, = P, cos P,, P> = P, sin P,, we have

H= % (Prcosa+ P sin ) +P32) 1 ((Pfcosg(afPa) +P32)

2
d71=g—g=Prcos(afPa)COSOZ P1=*g—fl=0
. H
¢2:%:PTcos(a—Pa)sina PQ:_:;T:O
2
. . OH 1, .
& = aaTH; =P P = o §PT2 sin(2(a — P,))

Pendulum equation & = £ P sin(2(a — P.))

Pendulum equation

—Setting & = o — P,, we get & = %Pf sin(2a)
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Energy of the Pendulum

—a = +7/2 are CUSPS

Initial Conditions

2(0) =0, y(0)=0, a(0)=0= a(0)= P, (3)

Geodesics are parameterized by Pi, Py, P3 or (Pr, Pa, P3) but we have the
condition that
1

1 1
5= H(0) = §(P12+P32) = i(P’? cos® P,+P3) (parameterization with velocity 1)

P

Pr > 1

P,
Pi Py

[

NG
=
Wl

|
vl
[§)
B
el
|
[ME]
[ME]

174



Example 00: P. =0

P2cos? P+ P2 =1
P, =0, P3(0)=a&0) =1

&(t) = 1 P?sin(2a) = 0

Py(0 a(lé)): Pyt a(t)=t
3 z1(t) =0
/x""—\\ | m;(t):()
| | 2
1
3 N
e

Example 0: P, =1

/.P2\ Pf cos? Py + P32 =1
N | P,=0, P.=1, P3(0)=a&(0)=0
P,
£P o & = L sin(2a)
>¥; at)=a(t)+Pa=0
P3£9), :rl(t) =t
S RN z2(t) =0
-

=
e L
=
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Example 1: P, =1

& Prz 2p,+P2=1

C) PaC:OS% P =317 P3(0) = &(0) =1
,,,,,,,,,,,,, P T 332

=L

o

U

Example 2: P. =2

)

=
7.
&

176



Example 3: P, =1/2

Py P2cos?P,+P2=1
T a 3
Y Po=1%, Pr=3, P3(0)=&(0)1
N |
T2

—changing P, one changes the type of trajectory (distance of cusps)

—changing P, one changes “where to starts on the trajectory”
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Generic example 1

(s

n L
) n 02 [E) [ ns

Generic example 2
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Geodesics are not optimal forever

This program has been essentially concluded by Y.

Sachkov and 1. Moiseev.

m they computed all optimal trajectories on R? x S*
(it is not a problem for planar curves)

m we have just to choose among 4 trajectories

Conjecture: there exist optimal trajectories with TWO cusps (and not with
three)
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Preliminary results of reconstruction of level sets by

Yuri Sachkov

Original

|

I

Preliminary results of reconstruction of level sets by

Yuri Sachkov
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all possible paths are activated as a Brownian motion

dr = X1dW1 + X2dWa, — Opp(t,x) = (L, + L,)¥(t, x)

L§(1 + L§(2 = (cos(@)dy, + sin(a)ds,)” + B2
(sub-elliptic Heat equation, under Hormander condition =, solutions are
smooth)

—highly non-isotropic diffusion

PLAN:

1) lifting the image to PTR? and using it as an initial
condition for the hypoelliptic heat eq.

2) making convolution with the hypoelliptic heat kernel
(Agrachev, Gauthier, Rossi, U.B.)

3) projecting down the image

1) lifting an image to a distribution in PTR?

Assume that the grey level of an corrupted image is described by a function
fe:Re:=R?\ Q — [0,00[. The set Q represents the region where the
image is corrupted.

(Hyp) the set R, is an open subset of R? and f. is C*.
Let us lift the domain R. of f. in PTR?. This is made by associating to
every point (z1,x2) of Re the direction o € R/ ~ of the level set of f. at
the point (z1,z2).

L(f.) = {(z1,22,) € Rz x P! st. V fe(z1, x2) - (cos(a),sin(a)) = 0},

All directions are associated
level sets of f,
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An interesting feature 1

under generic conditions, f. is a Morse function and L(f.) is a 2D manifold.
(This is false if « € [0, 27]\ ~)

) & Y

diffeomorfic to those
of a linear function

Maximum or minimum Saddle

An interesting feature 2

T ~0 pt
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Why a Morse function?

Describe an Tmage by Z € L?(D, R) (where D is an open bounded domain
of R?)

—even if images are not described by Morse functions, it is widely accepted
that the retina approximately smoothes the images by making the
convolution with a Gaussian function

[1] L. Peichl, H. Wassle, J Physiol, Vol. 291, 1979, pp. 117-41.

[2] D. Marr; E. Hildreth, Proceedings of the Royal Society of London, Vol.
207, No. 1167. (Feb. 29, 1980), pp. 187-217.

—we have proved that we show that, given G(o,,0y), the two dimensional
Gaussian centered in (0,0) with standard deviations o4, 0, > 0, then the
smoothed image

f=T%G(0x,0,) € L*(R*,R)NC™(R* R),
is generically a Morse function.

—.e. the set {Z € L? such that f is a Morse function} is a countable
intersection of open and dense subsets.

—the set {Z € L? such that fx is a Morse function} is open and dense.

Define the distribution on R, x P:

fc(wlv T2, O‘) = fﬂ(xlv l‘z)é(d((l‘l, T2, a)v L(f))

a<p!

lift of the image
(distribution supported in L(f)

Image

corrupted part
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2) making the convolution with the hypoelliptic heat

kernel

m Explicit expressions of Hypoelliptic Heat Kernels are difficult to obtain

m From 1979 up to 2008 the only known expressions were for STEP 2
Nilpotent Lie groups

By using the noncommutative Fourier Transform (based on representation
theory) we got the explicit expression for SU(2), SL(2),SO(3), SE(2) and
for our problem on R? x P! ~ SE(2)/Z> (A. Agrachev, F. Rossi, J-P.
Gauthier, U. Boscain, JFA, 2009):

The kernel

The kernel on SE( )
U(t,g) = o * pi(9) = [, ¥o(@)pe(5~ " 9)i(g) where g = (z1, 72, ).

[e) 0 27
pe(z1, T2, Q) =/ AdAZ/ du
0 k=070

(exp[fac(k, N Ok, %,u) C(k, /\Z

,u+ ) cos[A[z1 cos(u) — xo sin(u)]+
2 A2
exp[—as(k, \)t] S(k, T u) S(k, Ut a) cos[A[z1 cos(u) — x2 sin(u)])
(Periodic Mathieu functions. Here 8 = 1.)

"{‘he kernel on PTR2
frlt,g) = fex Kilg) = [ fe(@)Ki(g9,9)1(9).

K ($17$2704 Z1, T2, & ) _pt(( Y, 6‘)_1 o ($7y70t)) +pt((a_: Ys a)_l o ($7y70¢+71')).

chirality of pinwheels?
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3) Projecting down

a<P!

non isotropic diffusion

lift of the image

Image

corrupted part

Xi

fT(t7x17x2) :/ (Kt * fC)(zl,zg,a) da

pl

NUMERICAL IMPLEMENTATION

Problems:
m implementing numerically Mathieu functions is difficult
m solving numerically the non-isotropic diffusion equation
—mnot good because there are two different scales (there are no
algorithms to compute numerically non-isotropic diffusion)

m we are solving numerically the (noncommutative) Fourier transform of:
O (t, w1, w2, o) = ((cos(a) B, + sin(a)du, )’ + B°02)(t, w1, 2, )
That is the Mathieu equation

2
0,0(1,8) = ( Qj? + 02 cos(6))D(t, 6)
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Example 1

Example 2
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Example 3

Example 4
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Claude TOUZET
LNIA / Univ. de Provence
http://www .univ-provence.fr/gsite/document.php?project=umr_6149&doc=perso_touzet

"Modeles Cognitifs de 1'Attention Visuelle"

Le Monde réel est cohérent et continu. Il présente de fait des régularités - une
structuration - que chacun de nous percoit. Lorsque la perception est visuelle alors
le traitement de I'information est appelé la vision.

C'est un processif cognitif au sens ou le cortex est impliqué et qu'il permet des
traitements hors de portée des autres animaux, tels que la lecture par exemple. La
structure neuronale du cortex est connue, mais les liens qui unissent le cortex au
Monde réel font débat.

La Théorie neuronale de la Cognition explique comment les phénomenes observés
d'attentions endogéne et exogene sont produits.

En résumé, le cortex est constitué de multiples cartes corticales organisées au sein
de hiérarchies, chaque carte corticale jouant le role d'un filtre de nouveauté, passant
au niveau hiérarchique suivant (« bottom-up ») les événements imprévus : c'est
l'attention exogene.

Des connexions neuronales « top-down » suffisamment nombreuses permettent la
mise en place d'une véritable pré-activation de l'ensemble de la hiérarchie en
fonction du but identifié a un niveau quelconque de la hiérarchie : c'est l'attention
endogene.

Notons en guise de conclusion que ce modele cognitif de l'attention visuel est

généralisable a l'ensemble des processus cognitifs, et donc propose une explication
de ce que nous sommes.

Référence :
C. Touzet, Conscience, Intelligence, Libre-Arbitre ? Les réponses de la Théorie neuronale de

la Cognition, Editions la Machotte, 2010, 156 pages, ISBN : 978-2-919411-00-9.
(www.machotte.fr)
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Modeles cognitifs de I'attention visuelle

C. Touzet
claude.touzet@univ-provence.fr

Laboratoire de Neurosciences Intégratives et
Adaptatives (LNIA) UMR6149 CNRS-Université de
Provence, Marseille

5éme Ecole « Recherches Multimodales d'Informations » (ERM |TES'2010) — Vision & Cogpnition

Résumeé

Le Monde réel est cohérent et continu. Il présente de fait des régularités - une structuration -
que chacun de nous percoit. Lorsque la perception est visuelle alors le traitement de
l'information est appelé la vision. C'est un processif cognitif au sens ou le cortex est impliqué et
qu'il permet des traitements hors de portée des autres animaux, tels que la lecture par exemple.
La structure neuronale du cortex est connue, mais les liens qui unissent le cortex au Monde réel
font débat. La Théorie neuronale de la Cognition explique comment les phénoménes observés
d'attentions endogéne et exogene sont produits. En résumé, le cortex est constitué¢ de multiples
cartes corticales organisées au sein de hiérarchies, chaque carte corticale jouant le réle d'un
filtre de nouveauté, passant au niveau hiérarchique suivant (« bottom-up ») les événements
imprévus : c'est l'attention exogeéne. Des connexions neuronales « top-down » suffisamment
nombreuses permettent la mise en place d'une véritable pré activation de I'ensemble de la
hiérarchie en fonction du but identifié¢ a un niveau quelconque de la hiérarchie : c'est l'attention
endogene. Notons en guise de conclusion que ce modele cognitif de l'attention visuel est
généralisable a l'ensemble des processus cognitifs, et donc propose une explication de ce que
nous sommes.
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Sommaire

Le Monde réel

Le cortex

Théorie neuronale de la Cognition

Apprentissage

Comportement motivé

Attention endogene

Attention exogene

Le Monde réel
Continu, Cohérent, Multi-dimensionel

mon voyage en Islande

couleurs

formes

x“: / au bureau
[

température
y s

4 la maison —> 3@
e

Chacun de nous vit certaines situations et pas
d'autres. Ces situations ne sont pas réparties de
maniére homogéne, mais regroupées dans

certaines régions de I'Espace
multidimensionnel. Ces régions définissent

notre Environnement personnel et rien d'autre
n'existe.

Situation
Z atsl
t=2

&

odeurs

couleurs
sons

formes

température
y s

Chaque situation que nous vivons est un point dans un espace
multidimensionnel. Le Monde est continu . entre deux instants
successifs (t=1 et t=2), la situation change peu. Il est donc
possible de discerner des trajectoires qui sont des successions

de situations.

donnéen” 1

donnéen’® 2 donnée n® 3
| & v 1

dimension
(a)

voisins (autres données)

voisins dimension n® 2 donnée n° 3
(autres X

données) 7
/
\/%donnée n° 2
*\ W » dimension n° 1
donnée n’ 1 (b)

Pour estimer les distances dans un Espace multi-dimensionnel, nous pouvons utiliser le
nombre de données (situations) qui séparent deux données particulieres. Dans le cas d'un
espace de dimension 1 (1-D), la donnée n ° 2 est plus proche de lan ° 1 que lan ° 3. Dans
le cas d'un espace de dimension 2 (2-D), la distance qui sépare len ° 1 et le n ° 2 est de 2,
celle qui séparelen ® 1 etlen® 3 est s, celle qui séparelen® 2 etlen ® 3 de 3.




Le cortex (4 000 cm?) est replié sur lui-
méme pour tenir dans la boite
cranienne (IRM). Brain MRI Vector
representation, Nevit Dilmen, 2006,

licence Creative Commons
Attribution ShareAlike 3.0. (Wikipediay).

Ocil  Oeil  Oeil  Oeil
gauche droit gauche droit

< 0,63 m N
. *2 mm
0,63 m ‘.'.._—47‘7/ cartes (600)
25 cartes
(a) Cortex

% 25 cartes

40 colonnes (b) Carte corticale

40 colonnes

(a) Le cortex est organisé en centaines de cartes corticales.
(b) Chaque carte corticale contient plus d'un millier de colonnes
corticales, chacune comprenant un millier de micro-colonnes.

Carte corticale codant les orientations spatiales des stimuli
Orientations (Pluriel de stimulus) présentés sur la rétine. Chaque colonne
privilégices  corticale s'excite principalement pour un contraste dans une
orientation précise, en un point précis de la rétine. Sur l'image
rétinienne, nous avons dessiné les stimuli pour 3 localisations.
Deux de ces localisations génerent des activations sur des

colonnes du morceau de carte dessiné ici. Notez ['alternance ceil
droit-ceil gauche sur la carte. La localisation sur la rétine de la

Image sur zone d'intérét est identique entre deux colonnes voisines, méme
la rétine

si elles appartiennent a des yeux différents.

L'Homoncule (de Penfield) est la carte
corticale représentant notre corps. Les
informations  tactiles  construisent
I'Homoncule sensoriel (hémisphére
gauche), tandis que les informations
envoyées aux muscles construisent
I'Homoncule — moteur  (hémisphere
droit).

D'aprés W. Penfield, T. Rasmussen,
The cerebral cortex of man,
Macmillan, 1950, pp. 214-215.

Le cortex

Situations

Carte corticale

Champs récepteurs ~=——————> Colonnes corticales

Une carte auto-organisatrice est une projection d'un Espace multi-
dimensionnel qui respecte fréquence et voisinage. Ce qui est fréquent
dans I'Espace est mieux représenté sur la carte que ce qui ne l'est pas.
Ce qui est voisin dans I'Espace est voisin sur la carte. A chaque
colonne de la carte est associée une région de I'Espace. Cette région
est le « champ récepteur » de la colonne.

(a) @ :> (b)
% (©)

Une carte corticale avec ses colonnes (a) peut étre représentée par un point au centre de chaque
colonne (b). Cependant, il est plus utile de « visualiser » le voisinage de chaque colonne. Les lignes
verticales et horizontales en (c) donnent le voisinage. A chaque intersection, il y a une colonne. Chaque
colonne a 4 colonnes voisines (sauf sur les bords : 3 voisines, et dans les coins : 2 voisines). De plus,
comme les comportements des micro-colonnes d'une colonne sont similaires, nous ne dirons plus
« colonne », mais « neurone » (ce neurone en re}irgfgente environ 110 000).




Le cortex

(a) Chaque neurone est associé a un champ
récepteur (représenté par un cercle) dans
l'Espace multi-dimensionnel. Les champs
récepteurs voisins sont associés a des
neurones voisins.

(b) Lorsque l'on place les neurones
directement au centre de leur champ
récepteur et que l'on trace les voisinages,
alors l'observateur a l'impression de voir la
carte se tordre dans ['Espace multi-
dimensionnel. Il s'agit d'une vue de l'esprit.
Le cortex ne change pas de forme — mais il
est utile de se rendre compte de comment la
carte s'organise pour représenter les données
avec le minimum d'erreur.

« Si deux neurones A et B interconnectés sont actifs dans une méme fenétre temporelle,
alors la force des connexions entre A et B, et aussi entre B et A, est renforcée ». (Loi de

Hebb)

Le cortex

Cortex

ﬁ‘\bﬁ associatifs
Cortex
secondaires

ﬁ Cortex

primaires

Capteurs
sensoriels

Le cortex est constitué de multiples cartes auto-
organisatrices interconnectées. Les cartes les plus
proches des capteurs sensoriels sont organisées
avant les autres. Elles constituent les cortex
primaires  (vision, audition, tact, etc.). Elles
alimentent des cartes appartenant aux cortex
secondaires, puis les cortex associatifs. Il y a de tres
nombreuses connexions directes et réciproques.

A

connexions

(b)

La carte auto-organisatrice est une mémoire
associative. Pour obtenir une réponse, il faut
fournir une partie de cette réponse.

(a) Si la réponse cherchée est le mot de 10
lettres le plus fréquent de ce livre se terminant
par la lettre « s », la question est une activation
de la 10°™ connexion avec la lettre « s ». Cette
activation est envoyée a tous les neurones de la
carte. (b) Il suffit alors de décoder les
connexions du neurone gagnant vers les entrées
pour connaitre le mot recherché.
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Théorie neuronal

plutot rouge rouge et vert a part égale

B Tous les neurones de la carte

couleur —k
«vert » sont connectés a tous les
neurones de la carte B.
couleur
@\« rouge »

T

Entrées

Deux cartes auto-organisatrices (l'une apres ['autre)
permettent d'extraire des relations complexes entre les
données. Ici, B extrait des proportions d'activation entre
diverses zones de la carte A.

e de la Cognition

Carte « formes et couleurs »

vert / \
rouge triangle

Carte des « couleurs » Carte des « formes »

Trois cartes auto-organisatrices permettent la fusion
de données. 1l suffit que les données traitées par
chacune des deux premicres cartes appartiennent a des
modalités différentes (par exemple, la forme et la
couleur), et qu'elles alimentent la troisieme carte. C'est
cette derniére carte qui réalise la fusion de données.

Théorie neuronal

mot

e de la Cognition

table

bigrammes ta tb tl te ab al de...

lettre
(indépendant
position)

forme
(indépendant
position)

angle

contraste

centre on-off

Six niveaux de cartes auto-organisatrices sont nécessaires pour passer de

I'image sur la rétine a la reconnaissan
est réalisé par I'ceil), d'aprés Dehaene

ce orthographique d'un mot (le 1¢r niveau
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Théorie neuronale de la Cognition

Un « concept » implique l'activation de multiples
neurones au sein de plusieurs cartes.

Ordre dans l'organisation
Certitude

Méditation

mot
ﬁ —— mots

bigrammes ﬁ ‘ >< syllabes
lettre T

(indépendant e

position) T lettres

forme supervisé

(indépendant ﬁ

position) T

angle ﬁ

auto-organisé

La méthode d'apprentissage de la lecture dite « globale » fait
disparaitre deux étapes supervisées. L'acquisition de la lecture
devient alors pratiquement impossible a l'apprenti lecteur.

Apprentissage

Nombre
de situations

capteurs

Durée nécessaire
pour I'apprentissage
A

+
verbalisation‘/énmﬁ

visages

! :

muscles

1l'y a un ordre et un timing précis dans l'organisation des cartes
auto-organisatrices. Les cartes s'organisent en fonction des

régularités qu'elles percoivent

dans les données recues.

Certaines cartes doivent s'organiser avant un dge limite (7 ans
pour les cartes liées au langage et a la socialisation).
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Comportement motivé

obstacle loin

Obstacle
devant

obstacle proche
a gauche

N

Situations percues
par les capteurs
s d'obstacles du

T robot

obstacle proche
arriére

obstacle loin

~ Trajectoire du robot
derriere

au cours du temps

Comportement d'évitement d'obstacles construit a partir d'un
but a atteindre « aucun d'obstacle en vue ». Le robot arrive
face a l'obstacle, ses capteurs le per¢oivent. Il tourne et évite
l'obstacle. En grisé, les distances mesurées par les capteurs
du robot vis a vis des obstacles éventuels.

Comportement motivé

Obstacle loin But :
a droite Pas d'obstacle
Obstacle proche en vue
d droite Obstacle loin
devant
i
)
ey
4
Obstacle proche Obstacle proche
a gauche Obstacle loin devant
a gauche
Le voisinage conservé par la carte garantit que les si atg:f:t;'rmé.a.re
. . . . o . U 1ar
situations voisines sont voisines sur la carte. 1l est donc Situation ~ Situation actuelle
toujours possible de trouver une situation voisine de la but < ation % Réponse :
. . . . . . i R action
situation actuelle qui soit plus proche de la situation intermediaire (b)
1tuation
« but ». actuelle
(c)

Carte des différences de
situations et actions associées

Carte des situations

(a) Le but et la situation actuelle définissent la situation
intermédiaire désirée.
(b) La variation entre la situation désirée et la situation courante
permet de sélectionner un neurone qui code pour ['action
correspondante (c).
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Comportement motivé

but : verre

ﬁ
N

situations ——»
LEEZT— actions

but : debout /

Cartes des « situations » Cartes des « actions »

Un comportement complexe : une somme de comportements élémentaires.

Attention endogéne

concepts
é ARBRE% \
textu res /

\ P
g arbres \ ,@
T odeirs
YA A s— —
Cortex visuel Cortex olfactif prononciation

La vue d'un arbre active le concept « Arbre », qui active alors l'ensemble des
éléments liés a ce concept.
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Attention endogéne

interneurone (inhibiteur)

Activation réciproque du neurone B sur A. Ces
deux schémas sont équivalents (une fléche
représente une synapse excitatrice, un rond une

synapse inhibitrice).

(a)

oy tk2 t=3 prédiction

Prédiction de l'évolution de la situation courante.
(a) et (b) représentent la méme carte, mais dorénavant
nous ne dessinerons plus les voisinages.

Attention exogéne

Haut niveau

pré-activation

e /1 X

Attention générée par les connexions
réciproques : il y a pré-activation des neurones
associés a l'activation de plus haut niveau.

201

Haut niveau

inattendue

(1) (2)

S

Attention exogene (1) et attention endogene
(2). En (1) il y a transfert vers les niveaux
supérieurs des événements inattendus et arrét
de la transmission pour les événements
previsibles. En (2) il y a facilitation de
l'activation de neurones de niveau inférieur
appartenant a des événements  prévus
(attendus) a des niveaux supérieurs.




Synergie des attentions endogéne et exogéne

Haut niveau

A O

+
excitation
localisée

excitation
diffuse

v

Bas niveau inhibition

localisée

Modélisation  neuronale  des  processus
attentionnels. Les excitations montantes sont
plus localisées et plus fortes que celles en
provenance des connexions réciproques (plus
diffuses). Les connexions sur une méme carte
sont inhibitrices et localisées.
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Hervé LE BORGNE

CEA-LIST
http://elm.eeng.dcu.ie/~hlborgne/

"Description de Scenes Naturelles par Composantes Indépendantes''

De nombreuses études montrent que les détecteurs corticaux pourraient résulter de
l'application d'un principe de réduction de redondance par indépendance statistique
de leurs activités. Nous utilisons 1'Analyse en Composantes Indépendantes (ACI)
pour générer de tels détecteurs, aboutissant a un codage parcimonieux de
l'information.

1) Nous en effectuons une analyse quantitative mettant en valeur 'adaptation des
détecteurs aux catégories d'images considérées. Le cadre applicatif concerne la
classification de scénes naturelles, pour lequel l'adaptation des descripteurs aux
statistiques des catégories a discriminer est attrayante.

2) Nous proposons deux schémas de codage de l'information. Le premier
correspond a des modélisations de complexité croissante de la densité résultante du
filtrage d'une image par les descripteurs considérés. Le second schéma est une
exploitation directe de 'adaptation des filtres aux catégories, qui est semblable aux
descripteurs de type "sacs de mots visuels".

Ces travaux [1,2] entrent dans le cadre plus large des rapports entre perception
visuelle et sciences de l'ingénieur, dont les apports réciproques permettent une
meilleure compréhension de chacun des domaines [3].

Références :

[1] Le Borgne H., Guérin-Dugué¢ A., Antoniadis A. Representation of images for
classification with independent features. Pattern Recognition Letters (PRL), vol 25, N° 2, pp
141-154, january 2004.

[2] H. Le Borgne, A. Guérin-Dugué, N.E. O'Connor Learning Mid-level Image Features for
Natural Scene and Texture Classification. IEEE transaction on Circuits and Systems for Video
Technology, 17(3):286-297, march 2007.

[3] Guyader N., Le Borgne H., Hérault J., Guérin-Dugué A. Towards the introduction of
human perception in a natural scene classification system. Proc. of the IEEE International
workshop on Neural Networks for Signal Processing (NNSP'2002), pp 385-394, Martigny
Valais, Switzerland, September 4-6, 2002
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ERMITES 2010

Description de scene |
naturelles par comjposantes
indépendantes<

' v_.—-"'\r-—-;;v.:l; Borgne

Septembre 2010

Dans les 120 minutes a venir...

e Sceénes naturelles
= Caractéristiques et propriétés
= Rapport a la vision
= De la perception au modéle de discrimination
e Descripteurs propres aux scénes naturelles
= Rappel sur les « visages propres »
= Extraction par ACI
= Propriétés (pour la discrimination)
e Classification de scénes naturelles
= Calcul de signatures
= Validation expérimentale
e Conclusion
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Rendre a César...

e Travaux réalisés au LIS de Grenoble (= GIPSA) en 1999-2004
e Sous la direction de Anne Guérin Dugué
e En collaboration avec Anestis Antoniadis

= ADCI: analyse discriminante en composantes indépendante (fin exposé)
e Dans I’équipe de Jeanny Hérault

= Approche: vision par ordinateur < perception < physiologie syst. visuel
e En collaboration fréquente avec Nathalie Guyader

= Aspects perception (Alan Chauvin, Christian Marendaz...)

Enjeux scientifiques

Psychologie

cognitive

v

» Extraction

N—

» Modélisation
systeme visuel

« sémantique »
// * Recherche d’images

par le contenu
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Enjeux scientifiques

1 — Catégorisation perceptive 2 — Extraction de caractéristiques
3 — Analyse de sceénes naturelles

Psychologie

cognitive

. presentaton . peraut
* Mod¢lisation
systeme visuel

Physiologie
Syst. visuel

Sceéenes naturelles

e Caractéristiques
e Propriétés
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Scenes naturelles

=» Images du monde réel

Statistiques des scénes naturelles

Monde réel - évolution - syst. visuels des
étres vivants

= Importance des premiers stimuli
[Blackmore & Cooper, 71] [Movshon & van Sluyters 81]

= Comment?

= Propriétés du monde réel?
Intérét pratique

= Compression [Kretzmer, 1952]

= Restauration d’'image

= Indexation, classification
Statistiques du premier ordre

= Trés variables d’'une image a |'autre

= Peu informatives sur leur structure

m ‘ ‘LL [Gousseau, 2008]

A

L\

_l
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Statistiques des scénes naturelles

Statistiques du second ordre
= Corrélation
= Spectre de puissance
Invariance a I'échelle
= Spectre de puissance: loi en 1/f2 (a~2)

= Anisotropie; liens aux catégories perceptives
[Oliva et al., 1999]

T ampliue:

Forests
’ e

Coastlines
‘clp 035 G0s

[Oliva Torralba 2001]

0.3 'eip 035 005 035

Be

Liog, ; sptial fr
Fig A hiapllide spactrc far
allccimilyuns. Too s

. et
sheie dog Jog coupdinzee
i o of 1): Therefwe fe powvr speiss

Redondance dans les scénes naturelles
Corrélations spatiales> redondance [Ruderman, 1994]
= Moyenne sur Log(niveau de gris) par intégration
1
a1t
:
i"_' [
L(X,Y)=In(I(X,Y)/IO) -4 & ch-contrasé(ﬂssca}.ad) z E
« Log_Contrast » Histogramme (log-contrast) a
différentes échelles 1, 2, 4, 8, 16, 32
e Queues droites de I’histogramme
= > Invariance a l'échelle

209



&«

Statistiques globales

[Oliva et al., 1999]

LogiE) 1og[EL . 3 4 E
07 L o7 i oy : - 13‘?’:9:’”e <
e e - -
g = g ug 73 \R
08,5 Ho T N, B U %03 N o
i oy el o B £ 1xo o
¥ 0—0,23& et i 0-0943’;",,_04}3"20 T Y ¥ 90,2_5;,( m‘}'njﬂ e
bai Intéri Paysage Paysage
Urbain nterieur

fermé »
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Statistiques locales

[Torralba & Oliva, 2003]

: bbb s o
. 444 S444
1m ° $44¢4¢ 444 10,000m
96 [ (T
B0 eG 68 o0 00
90 o00¢ ¢ 6449
® o ©eCee 6669
Stationaire Non-stationaire
Naturelles

Vers un modele de discrimination

De la rétine a V1

Principes d’'un modéle de discimination
Codage

Classification supervisée
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Chemin visuels

v. présentation J. Hérault

De la rétine au cortex visuel

[Hubel & Wiesel, 1968]

- Blanchime
spectral

Processus de
haut niveau (dont
catégorisation)

[J.Hérault, rapport interne
SCOPIE, 2002]

e nist

De la perception au modeéle

e Systéme sensoriel = tache de traitement de I'information [Marr, 1982]
= Niveau conceptuel: qu’est-ce qui est calculé? Pourquoi?
= Niveau algorithmique: comment est-ce calculé?
= Niveau implémentation: plausibilité neurophysiologique?
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De la perception au modéle

e Codage sensoriel: exploiter la structure des images du monde réel
= Réduction de la redondance -
= [Barlow, 1961, 1989] Niveau
conceptuel

e Mise en ceuvre algorithmique

= [Olshausen & Fiedls, 1996]

= Analyse en composantes indépendantes
= [Hérault, Jutten, Ans, 1985; Common, 1994]

= Décomposition parcimonieuse [ Niveau J
a e

Igorithmiqu

Classification supervisée et CBIR

e Schéma global d’'indexation par le contenu v. présentation H. Jégou

l.i

e
il

Apprentissage / indexation

Modele(s)

Test / recherche
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Taxonomie des codes

[Fiedls, 1994]
[Willemore et al., 2000]

1 SRR,

ACP

R TR N

»Code DISPERSE

ACI

v-presentation J. Mairal . PARCIMONIEUX

Extraction de composantes indépendantes

« visages propres » et GIST
Indépendance statistique
Analyse en composantes indépendantes

Modéle génératif
Méthodes d’extraction
Propriétés des descripteurs
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Visages propres

e Analyse en composante principale
= Décorrelation (stat ordre 2)

= Projections successives sur les axes de
variance maximale

e Algorithmiquement
= Matrice de variance/covariance
= Diagonalisation
= Vecteur propres
e Propriétés:
= Encodage dégressif de variance
= - ordre des valeurs propres!
e Application a la reconnaissance de
visages:
= [Sirovich & Kirby, 1987]
= [Turk & Pentland, 1991]

Signature globale de scénes (GIST)

e Discriminant Spectral Template

= Basé sur une décomposition type ACP E“=

= Analyse des stat. d’ordre 2 (spectre de
puissance)
e En pratique, approximation par filtres de
Gabor
= Meilleur compromis temps/espace-
fréquence (au sens d’'Heisenberg)
[Gabor,1946]
= Implémentation
= 5 fréquences (.02 > 0.32 ¢/p)
= 12 orientations
= 8x8 localisation spatiales
= ACP - décorrélation

Building

%]

=

Expansion Axis

2 gy OpennesgAle&'

[Oliva et al., 1999]
[Oliva, Torralba, 2001]
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Analyse en composantes indépendantes

e Provient de recherche en neuroscience [Hérault, Jutten Ans, 1984]
e Illustration: cocktail party problem

I BEBEREE

e Probleme de la séparation de source [Jutten, Hérault, 1991]
= N sources indépendantes
= P observations via P « micros »
= But = retrouver les sources indépendantes

e Indépendance...
= Non accoustique (discours « cohérent »...)
= Non acoustique (méme langue...)

- Statistique!

ACI: indépendance statistique

Définition: X, et X, sont indépendantes ssi p(X,,X,)=p(X;)pP(X;)
= Densité jointe = produit densités marginales
e Fonctions caractéristiques:
= Premiére espece: ®(t)=E[elx]
= Deuxieme espece: W(t)=log(d(t))
e Moments et cumulant (développement en série de Mc Laurin)
" Ha(X)=(-)rd™(0)
" V(& X 2p)=(-0)" WO(0)
= Lien avec p,(X)=E[X"]
= Définition avec des “fonctions génératrices de moments/cumulants”
= My(t)=E[e™] et C,(t)=log(E[e™]) > p,(X)=M,M(0) et y,(X)= C,(™(0)
e Cas vectoriel: idem (en dimension p)!
= Moment croisé d’ordre n: E[X*!X,k2.. X *P] avec k;+...+k,=n
= Ex (p=2, n=4): E[X4], E[X3Y] ,E[X2Y2], E[XY3], E[Y4]
= Les cumulants croisés s’expriment en fonction des moments croisés:
= Cum(X, X, X,X) = Hy;1;-3H53 My =E[X*] - 3E[X?]?
= Cum,X,X,Y) = Hyy173H11Hps =E[X3Y] - 3E[X?]E[XY]
- Cum(X,X,Y,Y) = Hy1257H15Hop2H oM, =E[X?Y?] ~E[X?]E[Y?]-2E[XY]?

[P. Common, HDR, 1995]
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ACI: indépendance statistique

Moment centrés: m,=E[(X-p,)"]
Quelques moments et cumulants connus
= Moyenne: y,; (donc m;=0)
= Variance: m,=E[(X-y;)2]=02
= Asymétrie (skewness): my/ o3 f > 3
= Aplatissement (kurtosis): y, /y,2=m,/ o* -1, Negative Sk RostiSleu
= Fonction sur-gausienne = queues de distribution « lourdes »
S Kurtosis positif
S Leptokurtic (« lepto- » = mince)
= Fonction sous-gaussiennes = queues « sous » la normale
S Kurtosis négatif
S Platykurtic (« platy- » = large)

= Fonction gaussienne
S Kurtosis nul % :
S Mesokurtic 1

e Si X a une distribution gaussienne, y,=0 pour n>2
= Statistiques d’ordre supérieur = supérieure a 2
Des gaussiennes décorrélées sont indépendantes

N

ACI: indépendance statistique

e X etY indépendantes - tous les cumulants (et moments) croisés sont nuls
e Si X a une distribution gaussienne, y,=0 pour n>2
= Statistiques d’ordre supérieur = supérieure a 2
= Des gaussiennes décorrélées sont indépendantes
e Fonction de contraste (ou contraste):
= Soit 7/ les transformation de RN et 7 celles qui laissent invariant le sous-
ensemble () des vecteurs aléatoires a composantes mutuellement
indépendantes. #s=image de § par #.
= Contraste = application #x #s > R
= Domination: V He #retVse g, &(H,s) < &(Id,s)
= Invariance: V He T, &(H,s) = &(1d,s)
= Discrimination: Vseys, E(H,s) = §(Id,s) => He 7
= Exemple: information mutuelle = KL( Proba conjointe, produit marginales )

1p) = [ fog—L gy

n

[I., 7 @)

= Autres fonctions en pratique...
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Analyse en composantes indépendantes

e Provient de recherche en neuroscience [Hérault, Jutten Ans, 1984]
e Probleme de séparation de source:

T o —F J—o0
o—t 4+— O — —+—0
s — A i . O _—1 —_1+—0
(sources statistiquement- (mélange) ———> X?A_S E— R w . O Y.=WX
indépendantes) - n (obs@atlons) - (séparation) | ®) (estimations)
o— i o —1 o
C—1= 4+ o —=k 4O

e Probléme mal posé: A et s sont inconnues
= Ajout de I'hypothése d’indépendance statistique

e Cas du mélange linéaire (instantané non bruité) [Common 1994]
= Possible si:
= Au moins autant d’observation que de sources (micros >= discours)
= Au plus une source est gaussienne
= Restent deux indéterminations:
= Ordre des sources
_ = Amplitude des sources

ACI: algorithmes

e Algorithmes . o ETR
= Mesure d'indépendance (contraste)
= Principe algorithmique o =

e Algorithme HJ

L—"
I
-l
= Inspiration neuromimétique st [‘\

\

= Y=(W+I)x avec Awy=F(y,)g(y;) et W,=0 ]

= f, g non linéaires impaires. Choix par MV [Pham, 92]
= Mesure (sous jacente): annulation cumulants
¢ Infomax

= Implémentation d’'un modéle de capacité cognitive par RNA doit maximiser la
taux d’information transféré d’une couche a la suivante [Linsker, 1988]
= Equivalent a la réduction de redondance [Nadal et Parga, 1994]
= Codage efficace = codage factoriel
= Regle de type gradient relatif [Bell & Sejnowski, 1998]
= Gradient: AW = [I — K tanh(y)yT — yyTIW
= Equivalent a une approche par MV

Y
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ACI: fast ICA [Hyvirinen&Oja, 1997]

e Mesure d'indépendance par non-gaussianité

= Th. Central limite: somme de variable - gaussienne
= y=Wx=WAs

= But = maximiser la non-gaussianité de Y
= Chaque y, 2> source indépendante W= rand () {Matrice initiale aléatoire}
. . W=(WWT)-2y 1Orthogonalisation}
Mesures._ . o - POURI: LN,y
= Kurtosis: kurt(y) = E{y*}-2(E{y2}) w,=w, / w,l
= Néguentropie: J(y)=H(Ygayss)-H(Y) FIN
= Approx: J(y) ® [E{G(y)}-E{G(Ugyss)}1? =0 o )
Ex: G(y) = -exp(-U2/2) TANT QUE t < t,,, {45 itérations maximum |
W, =W
POUR i:1—N,,
e Algorithme w, =B {zg(w2)}-E{g(w,"2)} W]
FIN
= Point fixe - convergence rapide W= (WWyPw
= Dépend des données SI 1-min(|diag(W*W, )|, < &
. RETOUR
Package matlab FIN
. t=t+1;
e Lien avec Poursuite de projection EIN

= Recherche d’axes non gaussiens

Application de I'ACI

Séparation de signaux

= Parole
= Nécessite des modeles convolutifs

= Biomédical: signaux EEG, IRMf et MEG
= [Beckman Smith, 2003]
e Données financiéres
= La prédiction financiére est un travail de longue haleine...
e Extraction de caractéristiques d'images naturelles
= Cf apres...
e Classification d'images
= Cf apres...
= « Visages indépendants » [Barlett et al, 1998]
e Compression d'images
= Comparable a JPEG mais moins bien que JPEG2000
e Débruitage d'image [Hyvarinen et al. 2001]
e Estimation de transparence
= Modéle additif [Farid & &Adelson, 1999]
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Modéle de génération

[Olshausen & Field, 1996]

N
Décomposition linéaire dans la base de fonctions : ](x, y) = Z yi '¢i (_x, y)
i=l

/

ACI appliquée aux images

Nouvelle base de
représentation
(Extraction filtres)

Indépendance
« maximale »
entre X;

(......
d><<.....
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Prétraitements possibles des données

1 1024

_’n’—’ — ACP — ACI

Apodisation :
Focalisation L

1

S

Imagettes

Part de variance conseriés

10.000
| 10.000 observations / 1024 dim. Z:
0.7
* Limite la ugr| entre 75 et 90 % de
f(rig(;ll?emn}[(ileﬁfe « Evite les effets de bord usr| la variance totale
maximale « Dimension significative < 750 . %

o3l
0  dim. @

—c—

e nist

Méthode d’extraction

—> | Prétraitements | =

.,
® - —— (Prétraitements

<

4§ —> | Prétraitements

B —— [ Prétraitements |

[Bosh & Labbi, 1999,2001]

» Filtres « par catégorie »
Liltres « toutes catégories »
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Filtres ACI et physiologie

S ||
- V7 HEHHEHERn
+ Gabor ZUH=Fl=s
= Cellules simples V1 !'.-."m
e Comparaison physiologique
= Donnée du cortex de macaque ..----

= Congruences @ wf ]
= Largeur de bande z | ]
= Taille relative / ratio [DeValois et al., 1982] g I n}

= Différences [Van Hateren & <t L
= Pic fréquence centrale Van der Schaaf, 1998] , b - it % o

1 2.
= +QOrientation Spatial frequency bandwidth (octavesy ~ Qrienfation bandwidth (degree) )

e Filtres et module de leur TF
= Passe-bande
= Orientés
= Localisés

e Ressemble a:

!

«

] L3} 4
m E| ;\f [ i /
——— R R T | R AU T d

- i g

U |—-r-|..]..| H| I'"I q#w%: 1 1 0 10 20 30 40 o 10 20 30 40

T P & ds a Length (arcmin) Aspect ratio 1
LI |ddgel —

[EE e :hme.-w :<7:m¢e|:m

Catégorie Spectre ACI ACP
= ¢ B W
. -'!E._?_!-.::r;li; .=_“ l ‘
!*ﬁlﬂ
' 1l
-P®I¢
KEIK
- 4 —> Importance des statistiques

- @ ﬂ FE d’ordre supérieur
R /
EFEEEEEEE?==G
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Cellules V< Gabor 2D

.
.
g
,\
.
-~ \Q
.
A2

sans supervision

U,

= Emergence de
descripteurs
adaptés a la
discrimination

Adaptation aux spectres

Al Vi 28%

.

b, H:10%

V:26%
H: 26%
2>52%

\

pose  H:10%

o<t

Sélectivité en orientation
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Sélection de filtres

e Nécessité pour réduire la dimension de description
e Recherche exhaustive impossible - critére de sélection (“sous optimal”)
e Proposition: dispersal factor

= - Les filtres les plus utiles sont ceux dont la réponse est la plus variée
(sur base d'apprentissage)

(Gt

. | . (0, - 1)
L l d | CF)=Avg(c)*Std(w) | <

Classification de scenes

e Définition de signatures d’'image
= Modélisation de la densité
= ActivMax

e Evaluation
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Implémentation densité (1/3)

Activité

« Estimation de
la densité

* Plusieurs
modéles

* = vue unifiée

Carte
d’énergie

Sélection IS e
Filtres ACI

Implémentation densité (2/3)

e Estimation de la densité de probabilité

(=3}

Endsbeseven

Histogramme

Estimation Logspline

.6
[+35)

eed o

Fréquences

Moyenne
Fonction Gaussienne
Fonction « Half gaussian »

,

o3l &
[u=]

(RN

Logspline : [Kooperberg, Stone, 1992]
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Implémentation densité (2/3)

e Estimation de la densité de probabilité

0.35

0.3

o
v
o

Histogramme
logarithmique

Fréquences
o
N

o
o

0.1+

10°10 10
Valeurs

Implémentation densité (3/3)

ADCI, [Amato et al., 2002]

Image |, Image |,

N ddp N ddp

| .+ N divergences entre d.d.p
1 23 4. N
Propriété
d ’indépendance Eloignement

statistique o I et
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Implémentation par activité maximale

Signature
Localisée

Signature
Globale

Fenétre glissante:
refléte la structure des
images localement

NUMERO de filtre
le plus actif en
chaque pixel

Histogramme
(bag-of-activity)

Adaptation des filtres
aux statistiques des
catégories

Evaluation: comparaison des signatures

8- @ KLy, — Logspline,

Echantillonnage «Monte-Carlo»

Kl — Logspline, formulation
« intégrale »

4 o
() i

ol

logarithmique
] Klyjcass @
M Hi — histogramme linéaire
i KL — moyenne et écart-type
H
72l [ie:]
T—

Eucl — moyenne

logv — histogramme

Taux de reconnaissance

8 1 12 4 18 18

Nombre de filtres
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e Sélection aléatoire
e 20 répétions
¢ Comparaison

= ICA

= EH4+SC

Ciasaification rate

i 8

Influence de la taille de signature

Lagal lurminance

Global luminarncs

A
fr“

Crassilication rate
8

3 & §

Classifieation rate

200 am

Faature dimensian
Local colour

e

&00

200 400 aou
Feature dimensian
Gilobal eotour
g :
2 som
g |~

e Aléatoire
e Dispersal
e Critere(

Ciassifcation e
%

E

Loca! luminance

Critere de sélection

Giztal luminance

200 B
Feaiure dimension
Latal calour

&00

400 00

Feature dimensian
Glabak cwtour

200 400
Feature dimension

228

a0




Onze catégories COREL (sans recouvrement)

= 220 images d'apprentissage

= 1817 images de test (76 a 521 par catégorie)
Description ACI

= 50 filtres par catégorie > D=750

= Ajout couleur (p et 0 de C,-C,) > D=754
Comparaison

= Texture et couleur MPEG-7 (EH, HT, SC, CL)

= BOSIFT (codebook de taill 50, 100, 200, 1000)
Classifieur SVM

= |ibSVM

= Noyau polynomial d’ordre 3

= Multiclass: one-versus-one

Evaluation

Evaluation

Classname | Sze | EH | CL | SC | HI |EH-|EH +| A1 | HI * | EH ¥ | Gica | Lica | Giea | LiCa
cL |sc |cL |sc e+ + +

sC color | color

Cities 300 | 339 | 433 | 193 | B30 | 917 | 928 | 67 | 28 |17 |00] | 461 |48 | &3
Indoor s41 | 438 | 257 |154 |20 | 300 [480 | 242 |25 |44 | AT |s11 | 553 | 666
Fiework | 100 [488 | 850 | 738 |75 Bs (18 |90 |475 [913 | 563 | 888
Cars 00 [ 450 [ 272 |260 |28 |44 [S00 |39 [ 244 | 522 |44 |00 | 500 ﬁ
Egypt 10 (138 | 313 |[528] [100 | 263 |250 [150 |88 |313 [250 [250 |363 |33
Flowers | 400 | 418 | 245 [300 [305 |305 [s08 |32 [39 |s03 [s29] |s1s |05 |72
Monkeys | 100 [ 175 [ 250 |238 [ 238 | 250 |263 | 263 [287 | 325 |400 |400 |[700] | 625
Churches | 96 170 158 | 4210 | 303 421 | 434 421 342 | 355 | 408 |0 | 368
Castles 100 (113 [175 |200 |188 |163 [200 [175 | 150 [163 | 313 200 | 275

Moumains | 100 [ 375 | 325 [188 | 238 | 287 00 |338 |38 |35 [363

Doors 100 [ 763 [600 |338 | 550 | 725 [650 [388 |63 [ess |25 [o13 w00 [o3s8
Totl 2057 | 401 | 313 | 296 | 279 | 414 | 407 | 323 | 300 | 411 | 340 [ 376 | 96 :
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Evaluation

Class name | Size | BoRgg | Boliigg | Beliang | Bel o] Gica Lica Gica Lica*
color color
Cines 200 | 250 133 117 6.7 [ 70.0] 361 EVES 69
Indoor s41 | 217 28 250 69 ETH] 511 553 66.6 |
Frrework 100 | 45.0 413 375 475 913 56.3 88 8
Cars 200 | 267 36.1 417 317 44.4 50.0 50.0
Egvpt 100 36.3 338 287 250 250 363 338
Flowers 400 | 208 226 221 32 81.6 705 732
Monkeys 100 | 150 15.0 15.0 25 30.0 400 70.0 625
Churches | 96 | 500 513 513 447 355 40 8 (421 | 368
Castles 100 | 375 36.3 388 18.8 313 [ 50.0 300 275
Mountams | 100 | 200 138 175 13 375 6. 438
Doors 100 | 425 413 388 25.0 925 913 80.0 93.8
Total 3037 | 267 6.7 772 150 530 376 356 63.5

e Probable probléme dans BoSIFT
= Echantillonnage « dense » plus adapté

230

e Les scénes naturelles ont une structure trés contrainte

e Un codage efficace des scénes naturelles peut étre obtenu par un principe
de réduction de redondance

L'ACI permet de mettre en ceuvre un tel principe
Les unités codantes résultantes d’adaptent aux statistiques des (catégories
des) images
e Plusieurs modéles de sighatures possibles

Conclusion
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"Sparse Coding and Dictionary Learning"

La modélisation parcimonieuse de signaux consiste a représenter des données
vectorielles comme une combinaison linéaire d'un petit nombre d'éléments d'un
dictionnaire. Définir un dictionnaire adapté a une classe de signaux telle que les
images naturelles, a donné lieu a de nombreux travaux. Nous nous intéresserons ici
a une approche récente qui consiste a apprendre le dictionnaire a partir de données
d'entrainement. Nous présenterons de récentes avancées utilisant cette technique en
traitement d'image, apprentissage statistique et vision par ordinateur pour la
reconnaissance d'objets. Ce tutoriel est structuré en 4 parties :

1) Sparse coding and dictionary learning for Image processing
- Image denoising
- Inpainting, demosaicking
- Extensions to video processing
- Other applications, deblurring, inverse haltoning

2) Sparse linear models and the dictionary learning formulation
- Why does the 11-norm induce sparsity?
- Sparsity-inducing norms and group-sparsity.
- Dictionary learning and matrix factorization (PCA, NMF, hard/soft clustering)
- New sparse models and structured sparsity.

3) Applications to computer vision
- Learning codebooks for image classification
- Modelling the local appearance of image patches

4) Optimization for sparse methods
- Greedy algorithms
- I1-optimization
- stochastic optimization for dictionary learning
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J. Mairal, F. Bach, J. Ponce, G. Sapiro and A. Zisserman. Supervised Dictionary Learning.
Advances Neural Information Processing Systems, 2008. Vancouver. Canada.

J. Mairal, G. Sapiro and M. Elad. Learning multiscale sparse representations for image and
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What this lecture is about?

@ Why sparsity, what for and how?
o Signal and image processing: Restoration, reconstruction.
@ Machine learning: Selecting relevant features.

@ Computer vision: Modelling the local appearance of image
patches.

e Computer vision: Recent (and intriguing) results in bags of
words models.

o Optimization: Solving challenging problems.
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0 Image Processing Applications
© Sparse Linear Models and Dictionary Learning
© Computer Vision Applications

@ Optimization for sparse methods

Julien Mairal Sparse Coding and Dictionary Learning 4/182
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@ mage Processing Applications
@ Image Denoising
@ Inpainting, Demosaicking
@ Video Processing
@ Other Applications

© Sparse Linear Models and Dictionary Learning
© Computer Vision Applications

@ Optimization for sparse methods

Julien Mairal Sparse Coding and Dictionary Learning

The Image Denoising Problem

y Xorig + W

measurements  original image 0!S¢
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Sparse representations for image restoration

y = Xori, + w
<~ \5 ~~—

measurements original image =~ "OIs€

Energy minimization problem - MAP estimation

1
EW= Sly-xB +  Prx)
N ———

. image model (-log prior
relation to measurements g (-log prior)

Some classical priors
@ Smoothness \||£x||3
@ Total variation \||Vx||?
@ MREF priors

Julien Mairal Sparse Coding and Dictionary Learning 7/182

What is a Sparse Linear Model?

Let x in R™ be a signal. . /H\W\

700 #0000 800 1000 1200 TA0D 1600 1800

Let D = [dy,...,d,] € R™P be a set of ¥\ | {|/1]

normalized “basis vectors” . . ‘
. . e T "||\| J
We call it dictionary. SR L)

D is “adapted” to y if it can represent it with a few basis vectors—that
is, there exists a sparse vector a in RP such that y ~ Da. We call «
the sparse code.

all]
af2]
yl~| d|dy|--|d, _
alp]
yeR™ DeRmxp N——
acRe,SPArse
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First Important |dea

Why Sparsity?
A dictionary can be good for representing a class of
signals, but not for representing white Gaussian noise.

Julien Mairal Sparse Coding and Dictionary Learning
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The Sparse Decomposition Problem

1
min, 3ly=Dalz +  Ala)
sparsity-inducing
regularization

. Vv
data fitting term

1) induces sparsity in a. It can be
o the £y “pseudo-norm”. |laljo £ #{i s.t. afi] # 0} (NP-hard)
o the /1 norm. a1 £ P, ledi]| (convex),
° ...

This is a selection problem. When ) is the £1-norm, the problem is
called Lasso [Tibshirani, 1996] or basis pursuit [Chen et al., 1999]

Julien Mairal Sparse Coding and Dictionary Learning
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Sparse representations for image restoration

Designed dictionaries
[Haar, 1910], [Zweig, Morlet, Grossman ~70s]|, [Meyer, Mallat,
Daubechies, Coifman, Donoho, Candes ~80s-today]. .. (see [Mallat,

1999])
Wavelets, Curvelets, Wedgelets, Bandlets, ... lets

Learned dictionaries of patches

[Olshausen and Field, 1997], [Engan et al., 1999], [Lewicki and
Sejnowski, 2000], [Aharon et al., 2006] , [Roth and Black, 2005], [Lee
et al., 2007]

1
i “lyi — Da; I3 + (e
Jmin, 2 5 llyi = Dexilz + Av(a)
! y . sparsity
reconstruction
® Y(a) = |lallo (“4o pseudo-norm™)
o (a) = [lafl1 (1 norm)
Julien Mairal Sparse Coding and Dictionary Learning
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Sparse representations for image restoration

Solving the denoising problem

[Elad and Aharon, 2006]
o Extract all overlapping 8 x 8 patches y;.
o Solve a matrix factorization problem:

"1
' ~[lyi — Devjll5+ Mp(ai
agwsgc;g\ly ail; + v (i),

v sparsity
reconstruction

with n > 100, 000
o Average the reconstruction of each patch.

Julien Mairal Sparse Coding and Dictionary Learning
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Sparse representations for image restoration
K-SVD: [Elad and Aharon, 2006]

PP w2 -
!- 'H"'-_‘!B'_.._ ; 1] B

Figure: Dictionary trained on a noisy version of the image
boat.
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Sparse representations for image restoration

Grayscale vs color image patches

Julien Mairal Sparse Coding and Dictionary Learning
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Sparse representations for image restoration

Inpainting, Demosaicking

. 1 2
oLF 2 318y = Dexl + Arb(ex)

1

RAW Image Processing

White

.—) baBI?a'lie' —) Denoising
substraction.

Conversion l

J‘A (— o SRGB. €= Demosaicking

Gamma
Led correction.
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Sparse representations for image restoration
[Mairal, Sapiro, and Elad, 2008d]
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Sparse representations for image restoration
Inpainting, [Mairal, Elad, and Sapiro, 2008b]

1

Julien Mairal Sparse Coding and Dictionary Learning 17/182

Sparse representations for image restoration
Inpainting, [Mairal, Elad, and Sapiro, 2008b]
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Sparse representations for video restoration

Key ideas for video processing
[Protter and Elad, 2009]
e Using a 3D dictionary.
e Processing of many frames at the same time.

e Dictionary propagation.

Julien Mairal Sparse Coding and Dictionary Learning

Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d]

Figure: Inpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d]

Figure: Inpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d]

Figure: Inpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d]

Figure: Inpainting results.
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Sparse representations for image restoration
Inpainting, [Mairal, Sapiro, and Elad, 2008d]

Figure: Inpainting results.
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. o = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. o = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. o = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. o = 25
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Sparse representations for image restoration
Color video denoising, [Mairal, Sapiro, and Elad, 2008d]

Figure: Denoising results. o = 25
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Digital Zooming

Couzinie-Devy, 2010, Original
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Digital Zooming

Couzinie-Devy, 2010, Bicubic

Julien Mairal Sparse Coding and Dictionary Learning 31/182

Digital Zooming

Couzinie-Devy, 2010, Proposed method

Julien Mairal Sparse Coding and Dictionary Learning 32/182
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Digital Zooming

Couzinie-Devy, 2010, Original
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Digital Zooming
Couzinie-Devy, 2010, Bicubic
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Digital Zooming

Couzinie-Devy, 2010, Proposed approach

Sparse Coding and Dictionary Learn

Inverse half-toning
Original

Julien Mairal rming 36/1
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Inverse half-toning

Reconstructed image

1

ey
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Inverse half-toning
Original
% File Options

o
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Inverse half-toning

Reconstructed image

" & fFlle oplions

90 6=1EHGEN
WED {
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Inverse half-toning
Original

V. Copuright @ 1987 by AcademySefi-ECORG, Haeintosh version @ 1988 by Sphere, |Ine
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Inverse half-toning

Reconstructed image

Copur gl @ |967 ty FoooesSe f i -F1L0M0

Julien Mairal
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Inverse half-toning
Original

Julien Mairal
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Inverse half-toning

Reconstructed image

Wnarg
CIGTL(
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Inverse half-toning
Original
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Inverse half-toning

Reconstructed image

Julien Mairal Sparse Coding and Dictionary Learning

One short slide on compressed sensing

Important message
Sparse coding is not “compressed sensing” .

Compressed sensing is a theory [see Candes, 2006] saying that a sparse
signal can be recovered from a few linear measurements under some
conditions.

@ Signal Acquisition: Wy, where W € R™*S is a “sensing” matrix
with s < m.
o Signal Decoding: mingepe [|/1 st. W'y = W Da.

with extensions to approximately sparse signals, noisy measurements.

Remark

The dictionaries we are using in this lecture do not satisfy the recovery
assumptions of compressed sensing.

Julien Mairal Sparse Coding and Dictionary Learning
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Important messages
@ Patch-based approaches are achieving state-of-the-art results for
many image processing task.
@ Dictionary Learning adapts to the data you want to restore.

@ Dictionary Learning is well adapted to data that admit sparse
representation. Sparsity is for sparse data only.

Julien Mairal Sparse Coding and Dictionary Learning 47/182

Next topics
@ A bit of machine learning.
@ Why does the ¢1-norm induce sparsity?
@ Some properties of the Lasso.
@ Links between dictionary learning and matrix factorization
techniques.
@ A simple algorithm for learning dictionaries.
@ Beyond sparsity: Group-sparsity, Structured Sparsity

Julien Mairal Sparse Coding and Dictionary Learning 48/182
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Q Image Processing Applications

9 Sparse Linear Models and Dictionary Learning
@ The machine learning point of view
@ Why does the ¢1-norm induce sparsity?
@ Dictionary Learning and Matrix Factorization
@ Group Sparsity
@ Structured Sparsity

9 Computer Vision Applications

e Optimization for sparse methods

Julien Mairal Sparse Coding and Dictionary Learning 49/182

Sparse Linear Model: Machine Learning Point of View
Let (y',x")"_, be a training set, where the vectors x' are in RP and are
called features. The scalars y' are in

@ {—1,+1} for binary classification problems.
e {1,..., N} for multiclass classification problems.

@ R for regression problems.

In a linear model, on assumes a relation y ~ w'x (or y ~ sign(w ' x)),

and solves
- o AQ(w
W”;agan yiwix)+ AQ(w)

_  regularization

data-fitting

Julien Mairal Sparse Coding and Dictionary Learning 50/182
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Sparse Linear Models: Machine Learning Point of View

A few examples:
n

1

. — _— i T i2 2

Ridge regression: min ~ Z(y w ' x')°+ Awl3.
1A

Linear SVM: in = 0,1—y'w'x)+ \|wlj3.

inear min — ;max( y'w'x") + A|w||3

1 < i T
Logistic ession: in — I (1 yw X) Allwl3.
gistic regression:  min — Zl og(l+e + Allwl|3
The squared £>-norm induces smoothness in w. When one knows in
advance that w should be sparse, one should use a sparsity-inducing
regularization such as the ¢1-norm. [Chen et al., 1999, Tibshirani, 1996]

The purpose of the regularization is to add additional a-priori
knowledge in the regularization.
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Sparse Linear Models: the Lasso

@ Signal processing: D is a dictionary in R"*P,

1
min EHY— Da||%+/\HaH1.

acRP

@ Machine Learning:

n

. 1 i iT 2 _ . 1 T 2
min > (y' = x"Tw)? + A|wlly = min [y — X w3+ Alw]s,

i=1

with X £ [x!, ... x"], and y = [y}, ..., y"]".

Useful tool in signal processing, machine learning, statistics,. .. as long as
one wishes to select features.

Julien Mairal Sparse Coding and Dictionary Learning 52/182
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Why does the ¢1-norm induce sparsity?

Exemple: quadratic problem in 1D

1 2
min 5 (y — a)” + Ale
Piecewise quadratic function with a kink at zero.

Derivative at 04: g = —y+Aand 0_: g = —y — A,

Optimality conditions. « is optimal iff:
@ |a] >0and (y —a)+ Asign(a) =0
@ a=0and gy >0and g_ <0

The solution is a soft-thresholding:

o = sign(y)(ly| = A"
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Why does the ¢1-norm induce sparsity?

y
(a) soft-thresholding operator (b) hard-thresholding operator
Julien Mairal Sparse Coding and Dictionary Learning 54/182
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Why does the ¢1-norm induce sparsity?

Analysis of the norms in 1D

P(a) =-1, ¢i(a)=1

The gradient of the ¢>-norm vanishes when « get close to 0. On its

differentiable part, the norm of the gradient of the ¢1-norm is constant.

Julien Mairal Sparse Coding and Dictionary Learning 55/182
Why does the ¢1-norm induce sparsity?
Physical illustration
Yo
-
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Why does the ¢1-norm induce sparsity?
Physical illustration
k

Er =% (y0 —y)? ; ,
Ei = F(vo—vy)
Ex = mgy

Er = %y? y
y
i
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Why does the ¢;-norm induce sparsity?

Physical illustration

Er = %(yo —y)?
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Why does the ¢1-norm induce sparsity?
Geometric explanation

X X

S S

1
min ]y = Dexl3 + Allex]lx

: 2
min —Dall5 s.t. ||lallt < T.
min ly 12 lelr <
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Important property of the Lasso
Piecewise linearity of the regularization path
1.5
[%2]
[}
=
[
>
c
.0
Q2
©
o
o
Figure: Regularization path of the Lasso
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Optimization for Dictionary Learning

n

| 1 )
min S" 2y~ D+ Al
Dec =1

CE{DeR™P st. Vj=1,...,p, |ldj]» <1}.

o Classical optimization alternates between D and a.
o Good results, but slow!

o Instead use online learning [Mairal et al., 2009a]
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph

3 o ¢ i - -
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph

Julien Mairal Sparse Coding and Dictionary Learning

Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph
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Optimization for Dictionary Learning
Inpainting a 12-Mpixel photograph

Julien Mairal Sparse Coding and Dictionary Learning

Matrix Factorization Problems and Dictionary Learning

n
. 1
min §||y1'— Do + Al

acRPXn 4
Dec =1

can be rewritten

1 )
_min_ S[IY — Dat + Alar,
DeC

where Y = [y1,...,¥s] and @ = [a1, ..., o).

Julien Mairal Sparse Coding and Dictionary Learning
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Matrix Factorization Problems and Dictionary Learning
PCA

1
min Y - Dal|2 st. D'D =1and aa' is diagonal.

aERPXN
DERm*P
D = [dy,...,d;] are the principal components.
Julien Mairal Sparse Coding and Dictionary Learning 67/182

Matrix Factorization Problems and Dictionary Learning

Hard clustering

1 p

min  =||Y —Dal|% st. Vie{l,...,p}, ai[f] = 1.
Lmin_5IY - Dot {1oeee0ph Dol
DERM*P =

D =[dy,...,dp] are the centroids of the p clusters.

Julien Mairal Sparse Coding and Dictionary Learning 68/182
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Matrix Factorization Problems and Dictionary Learning
Soft clustering

1 P
min ~|Y —Dal, st Vie{l,....p}, Y ail]=1.
aeRan2

Jj=1
DERM*P

D =[dy,...,dp] are the centroids of the p clusters.

Julien Mairal Sparse Coding and Dictionary Learning
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Matrix Factorization Problems and Dictionary Learning

Non-negative matrix factorization [Lee and Seung, 2001]

1
min ~|Y — D2
aERﬁ_X" 2 i
DeRT*P

Julien Mairal Sparse Coding and Dictionary Learning
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Matrix Factorization Problems and Dictionary Learning
NMF+sparsity?

.1
min [IY — Dar||z + Al
aeRAX" 2

DeRY*P

Most of these formulations can be addressed the same types of
algorithms.

Julien Mairal Sparse Coding and Dictionary Learning

Matrix Factorization Problems and Dictionary Learning
Natural Patches

Julien Mairal Sparse Coding and Dictionary Learning
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Matrix Factorization Problems and Dictionary Learning

Faces

73/182
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Sparsity-Inducing Norms (1/2)

data fitting term

. “ N
min fla) + A Qo)
a€RP N——

sparsity-inducing norm

Standard approach to enforce sparsity in learning procedures:

@ Regularizing by a sparsity-inducing norm 2.
@ The effect of Q is to set some a[j]'s to zero, depending on the
regularization parameter A > 0.

The most popular choice for 1:
® The (1 norm, [le|l; = 357, [elj]l.
@ For the square loss, Lasso [Tibshirani, 1996].
@ However, the 1 norm encodes poor information, just cardinality!

74/182
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Sparsity-Inducing Norms (2/2)

Another popular choice for :
@ The /1-/5> norm,

ZHaGH2 = Z(Zaf)l/z, with G a partition of {1,..., p}.

Geg Geg jeg
@ The ¢1-> norm sets to zero groups of non-overlapping variables
(as opposed to single variables for the ¢; norm).
@ For the square loss, group Lasso [Yuan and Lin, 2006].

@ However, the ¢1-f, norm encodes fixed/static prior information,
requires to know in advance how to group the variables !

Applications:
@ Selecting groups of features instead of individual variables.

@ Multi-task learning, multiple kernel learning.
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Non-local Sparse Image Models
Image Self-Similarities, [Buades et al., 2006, Efros and Leung, 1999, Dabov et al., 2007]

Image pixels are well explained by a Nadaraya-Watson estimator:

A - Kh YI ) -
R[i Z ST Kaly y/)yL/] (1)
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Non-local Sparse Image Models
Image Self-Similarities, [Buades et al., 2006, Efros and Leung, 1999, Dabov et al., 2007]

Image pixels are well explained by a Nadaraya-Watson estimator:

=2 s Ry o

Successful application to texture synthesis: Efros and Leung [1999]
.. to image denoising (Non-Local Means): Buades et al. [2006]
.. to image demosaicking: Buades et al. [2009]
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Non-local Sparse Image Models
Image Self-Similarities, [Buades et al., 2006, Efros and Leung, 1999, Dabov et al., 2007]

Image pixels are well explained by a Nadaraya-Watson estimator:

m—ZEfé i} )

Successful application to texture synthesis: Efros and Leung [1999]
.. to image denoising (Non-Local Means): Buades et al. [2006]
.. to image demosaicking: Buades et al. [2009]

Block-Matching with 3D filtering (BM3D) Dabov et al. [2007],
Similar patches are jointly denoised with orthogonal wavelet thresholding
+ several (good) heuristics: = state-of-the-art denoising results, less
artefacts, higher PSNR.

Julien Mairal Sparse Coding and Dictionary Learning 76/182
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Non-local Sparse Image Models

@ non-local means: stable estimator. Can fail when there are no
self-similarities.

@ sparse representations: “unique” patches also admit a sparse
approximation on the learned dictionary. potentially unstable
decompositions.

Improving the stability of sparse decompositions is a current topic of
research in statistics Bach [2008], Meinshausen and Buehlmann [2010].
Mairal et al. [2009b]: Similar patches should admit similar patterns:

LT

EEREEEREEREEE

(ITT N TTT]

Sparsity vs. joint sparsity
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Non-local Sparse Image Models

I Y I

EEREEEREEEEEE

(LT 10T

Sparsity vs. joint sparsity

Joint sparsity is achieved through specific regularizers such as

P
0.00 = Z la'[lo, (not convex, not a norm)
i=1 (2)

p
[All12 2 Z a||2. (convex norm)
i=1

1A
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Non-local Sparse Image Models

Basic scheme for image denoising:
© Cluster patches

A .
5,-:{1:1,...,n s.t. ”y,—YJ”ggf}a

© Learn a dictionary with group-sparsity regularization

I 1’ jeS,-

© Estimate the final image by averaging the representations

Julien Mairal Sparse Coding and Dictionary Learning
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Non-local Sparse Image Models

Basic scheme for image denoising:
@ Cluster patches

A .
S={=1...,n st |yi—yjl5 <&},

© Learn a dictionary with group-sparsity regularization

I 1’ jGS,-

© Estimate the final image by averaging the representations
Details:

@ Greedy clustering (linear time) and online learning.

@ Eventually use two passes.

@ Use non-convex regularization for the final reconstruction.
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Non-local Sparse Image Models

Denoising results, synthetic noise

Average PSNR on 10 standard images (higher is better)

o GSM FOE KSVD | BM3D SC LSC LSSC
5 37.05 37.03 | 37.42 37.62 37.46 37.66 | 37.67
10 33.34 | 33.11 33.62 34.00 33.76 33.98 | 34.06
15 3131 30.99 | 31.58 32.05 31.72 31.99 | 32.12
20 29.91 29.62 30.18 30.73 30.29 30.60 | 30.78
25 28.84 | 28.36 | 29.10 29.72 29.18 29.52 | 29.74
50 25.66 2436 | 25.61 26.38 25.83 26.18 | 26.57
100 22.80 21.36 | 22.10 23.25 22.46 22.62 | 23.39

Improvement over BM3D is significant only for large values of .

The comparison is made with GSM (Gaussian Scale Mixture) Portilla

et al. [2003], FOE (Field of Experts) Roth and Black [2005], KSVD Elad
and Aharon [2006] and BM3D Dabov et al. [2007].
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Non-local Sparse Image Models

Denoising results, synthetic noise
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Non-local Sparse Image Models

Denoising results, synthetic noise

Julien Mairal Sparse Coding and Dictionary Learning

Non-local Sparse Image Models

Demosaicking results, Kodak database

Average PSNR on the Kodak dataset (24 images)

Im. AP DL LPA SC LSC | LSSC
Av. || 39.21 | 40.05 | 40.52 || 40.88 | 41.13 | 41.39

The comparison is made with AP (Alternative Projections) Gunturk
et al. [2002], DL Zhang and Wu [2005] and LPA Paliy et al. [2007] (best
known result on this database).

Julien Mairal Sparse Coding and Dictionary Learning
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Non-local Sparse Image Models

Demosaicking results, Kodak database

More importantly than a PSNR improvement:

Regular sparsity on the left, Joint-sparsity on the right

Julien Mairal Sparse Coding and Dictionary Learning

Structured Sparsity
[Jenatton et al., 2009]

Case of general overlapping groups.

When penalizing by the /1-/> norm,

Y lacl, =Y (> a2)t?

Geg Geg jeG

@ The /1 norm induces sparsity at the group level:
o Some ag's are set to zero.
@ Inside the groups, the /, norm does not promote sparsity.

@ Intuitively, variables belonging to the same groups are encouraged
to be set to zero together.

@ Optimization via reweighted least-squares, proximal methods, etc. ..

Julien Mairal Sparse Coding and Dictionary Learning
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Examples of set of groups G (1/3)

Selection of contiguous patterns on a sequence, p = 6.

e

@ G is the set of blue groups.

@ Any union of blue groups set to zero leads to the selection of a
contiguous pattern.
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Examples of set of groups G (2/3)

Selection of rectangles on a 2-D grids, p = 25.

@ G is the set of blue/green groups (with their not displayed
complements).

@ Any union of blue/green groups set to zero leads to the selection of
a rectangle.
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Examples of set of groups G (3/3)

Selection of diamond-shaped patterns on a 2-D grids, p = 25.

@ It is possible to extent such settings to 3-D space, or more complex
topologies.
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Hierarchical Norms
[Jenatton, Mairal, Obozinski, and Bach, 2010a]
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A node can be active only if its ancestors are active.
The selected patterns are rooted subtrees.

Optimization via efficient proximal methods (same cost as /1)
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Wavelet denoising with hierarchical norms
[Jenatton, Mairal, Obozinski, and Bach, 2010b]

min

Classical wavelet denoising [Donoho and Johnstone, 1995]:
acRP

1
§||y — Do)+ Aalls,

When D is orthogonal, the solution is obtained via soft-thresholding

Julien Mairal

Sparse Coding and Dictionary Learning
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Wavelet denoising with hierarchical norms
[Jenatton, Mairal, Obozinski, and Bach, 2010b]

Wavelet with hierarchical norm: Add a-priori knowledge that the
coefficients are embedded in a tree.

(g) Barb., 0 =50, {1

Julien Mairal

=] =3

(h) Barb., o =50, tree
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Wavelet denoising with hierarchical norms
[Jenatton, Mairal, Obozinski, and Bach, 2010b)]

Benchmark on a database of 12 standard images:

Haar
g eo fl ng ngo
5 34.48 35.52 35.89 35.79
PSNR 10 || 29.63 30.74 31.40 31.23
25 || 24.44 25.30 26.41 26.14
50 || 21.53 20.42 23.41 23.05
100 || 19.27 19.43 20.97 20.58
5 - 1.04+.31 | 1414+ .45 | 1.31+ .41
IPSNR 10 - 1.10+ .22 | 1.76 +.26 | 1.59 + .22
25 - 86+.35 | 1.96 + .22 | 1.69 + .21
50 - 464+ .28 | 1.87+.20 | 1.51+ .20
100 - 154+.23 | 1.69+.19 | 1.30 + .19

Julien Mairal
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Hierarchical Dictionaries
[Jenatton, Mairal, Obozinski, and Bach, 2010a]
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Application to patch reconstrution
[Jenatton, Mairal, Obozinski, and Bach, 2010a]

@ Reconstruction of 100,000 8 x 8 natural images patches

@ Remove randomly subsampled pixels
o Reconstruct with matrix factorization and structured sparsity

noise| 50 % 60 % 70 % 80 % 90 %
flat |19.3 +0.1|26.8 +0.1|36.7 + 0.1{50.6 4+ 0.0{72.1 £ 0.
tree [18.6 £0.125.7 £ 0.1{35.0 = 0.1|48.0 = 0.0|65.9 £ 0.

o

w

80

70

60

50

16 21 31 41 61 81 121 161 181 241 301 321 401
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Hierarchical Topic Models for text corpora
[Jenatton, Mairal, Obozinski, and Bach, 2010a]

@ Each document is modeled through word counts

@ Low-rank matrix factorization of word-document matrix

@ Probabilistic topic models such as Latent Dirichlet Allocation [Blei
et al., 2003]

@ Organise the topics in a tree.

@ Previously approached using non-parametric Bayesian
methods (Hierarchical Chinese Restaurant Process and nested
Dirichlet Process): [Blei et al., 2010]

@ Can we achieve similar performance with simple matrix
factorization formulation?
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minimum visual
algorithm object
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Classification based on topics

Comparison on predicting newsgroup article subjects
@ 20 newsgroup articles (1425 documents, 13312 words)

100

B PCA + SVM
I NMF + SVM
[ ILDA + SVM
I SpDL + SVM
Il SpHDL + SVM

90

80

70

Classification Accuracy (%)

60

3 7 15 31 63
Number of Topics
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Group Lasso + Sparsity

[Sprechmann et al., 2010a]

nonzero coefficient

dictionary A
— b ——— 9

D, D3 -l D, |X

&

i nonzero group I:' zero E K i
1
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Important messages
@ The ¢1-norm induces sparsity and shrinks the coefficients
(soft-thresholding)
@ The regularization path of the Lasso is piecewise linear.
@ Learning the dictionary is simple, fast and scalable.

@ Dictionary learning is related to several matrix factorization
problems.

@ Sparsity can be induced at the group level.

@ Structured sparsity opens a whole range of new applications.

Software SPAMS is available for all of this:
www.di.ens.fr/willow/SPAMS/.

Julien Mairal Sparse Coding and Dictionary Learning
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Next topics: Computer Vision

@ Intriguing results on the use of dictionary learning for bags of words.
@ Modelling the local appearance of image patches.

@ Preliminary applications of structured sparsity.
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0 Image Processing Applications
© Sparse Linear Models and Dictionary Learning

© Computer Vision Applications
@ Learning codebooks for image classification
@ Modelling the local appearance of image patches
@ Background subtraction with structured sparsity

@ Optimization for sparse methods

Julien Mairal Sparse Coding and Dictionary Learning 101/182
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Learning Codebooks for Image Classification

Filtering l l, l

| SIFT at keypoints l | dense gradients | | dense SIFT |
Coding l 1 l
| vector quantization || vector quantization || sparse coding |
Pooling l l i
| whole image, mean | | coarse grid, mean | |spatialpyramid, max |

ldea

Replacing Vector Quantization by Learned Dictionaries!
@ unsupervised: [Yang et al., 2009]
@ supervised: [Boureau et al., 2010, Yang et al., 2010]

Julien Mairal Sparse Coding and Dictionary Learning
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Learning Codebooks for Image Classification

Let an image be represented by a set of low-level descriptors y; at N
locations identified with their indices i =1,..., N.

@ hard-quantization:
P
yi~Daj, a;j€{0,1} and Za,-[j] =1
j=1
@ soft-quantization:

e—Blyi—dl3

S e Blyi—dil3

@ sparse coding:

o1
yi~Day, a;=argminy; — Dal} + Ay
o

Julien Mairal Sparse Coding and Dictionary Learning
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Learning Codebooks for Image Classification
Table from Boureau et al. [2010]

Method Caltech-101, 30 training examples \ 15 Scenes, 100 raining examples
Averyre ol Mus Pool Average Ponl Mux Poul
Results with basic features, SIPT extracted each 8 pixels
Hard gquantization, lincar kemel ShAS=001256] G110 1256 TAL =00 1024 SO ==L 1024
Hartl quanization. interscetion kernel | 612+ 10236 (1) G148+ 1010 [256] B =004 (356 (1) 8000 =kt | 1024
Soft quanuzaton, linear kermel 570 L 1,5 [1024] G9.0 L 0.8 [256] TH.6 L 05 [1024] a1.4 L 0.6[1024]
Soll guuntizution, nlerseetion kernel | BE.L=+ 12 512)(2) TR+ 1.0 1024] RL2—0.0]1024] (2} S4.0—0.7[1024
Sparse codes, linear kernel 618 1 1.3[1024] TLS L L [1024] (3 | 76.9 L 0.0 [1024] S31 060024
Spurse codes, jrlersection kemel THAF LA g A0 | 1024 () | #32— 0.1 [ 1024] 4.1+ 0.5 | 16024] (4)
Results with macrofeatures and denser SITT sampling
ard quantizarion. lineqar kegnel 35.6 L 1.0 [256] 708 L 1:0 [1024] T40 L0 [1024] 0.1 L 0.5 [1024]
Hard guunlization, inleraecion kemel | GRs—+ 11512 i = 10 1024 RLO— (5] 1024] SO =05 1024
Soft guantization. linear kernel GLE L 1.0 [1024] [ 1.0 [1024] T4 L 0.7[1024] =14 0.4 [1024)
Soll quuntizdbion. inlerseetion kemel | 7O+ 13 [ 1024 T2 100 124 FH =0 1024 S0 | 1024
Sparse codes, linear karngl L 1.471024) 761 L 0.8 [102] TR 0.7{1024] 53,6 0,4 [1024]
Spagse codes, intersection kemel TaTL L3 [1024] 765, 7.L L[] 235 DA 1024] 843 L 0.5 [1024]

Unsup Discr
Linear |83.6+04 84.9+0.3
Intersect | 84.34+0.5 84.7+04

Yang et al. [2009] have won the PASCAL VOC'09 challenge using this
kind of techniques.
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Learning dictionaries with a discriminative cost function

[dea:

Let us consider 2 sets S_, S of signals representing 2 different classes.
Each set should admit a dictionary best adapted to its reconstruction.

Classification procedure for a signal y € R™:

min(R*(y, D), R*(y, D))

where
R*(y,D) = min ||y — Da|3 s.t. ||a|jo < L.
acRpP

“Reconstructive” training
{ minp_ > jes R*(y;, D-)
minD+ Zi65+ R*(yiv D+)

[Grosse et al., 2007], [Huang and Aviyente, 2006],
[Sprechmann et al., 2010b] for unsupervised clustering (CVPR '10)
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Learning dictionaries with a discriminative cost function

“Discriminative” training

[Mairal, Bach, Ponce, Sapiro, and Zisserman, 2008a]

min 3¢ (A4 (R y;,D-) ~ R(y;,D.)) ).

— U+

where z; € {—1,+1} is the label of y;.

N

Logistic regression function
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Learning dictionaries with a discriminative cost function
Examples of dictionaries

Top: reconstructive, Bottom: discriminative, Left: Bicycle, Right:
Background.
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Learning dictionaries with a discriminative cost function
Texture segmentation
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Learning dictionaries with a discriminative cost function
Texture segmentation
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Learning dictionaries with a discriminative cost function
Pixelwise classification

Julien Mairal Sparse Coding and Dictionary Learning 110/182

Learning dictionaries with a discriminative cost function
weakly-supervised pixel classification
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Application to edge detection and classification
[Mairal, Leordeanu, Bach, Hebert, and Ponce, 2008c¢]

i
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#
|
L
=
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2" LS~
Ewa il « £
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Good edges Bad edges
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Application to edge detection and classification
Berkeley segmentation benchmark

Raw edge detection on the right
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Application to edge detection and classification
Berkeley segmentation benchmark

Raw edge detection on the right
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Application to edge detection and classification
Berkeley segmentation benchmark

q . - : : : ;
4Pb, F=6.70
0.8 —=&— LUCM, F=0.67
—+— BEL, F=0.66
0.8 —&— Ours, F=0.68 | |
—=— Ph, F-0.65
a7 —
08
c
E 05 4
o
04 i
a3
0.2F =
adl .
(4] ] ] ] 1 L I} ]
0 aa g2 0.3 0.4 0.5 0.6 a7 08 0.3 1

Recall
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Application to edge detection and classification
Contour-based classifier: [Leordeanu, Hebert, and Sukthankar, 2007]

Is there a bike, a motorbike, a car or a person on this
image?
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Application to edge detection and classification

Intput Bike Bottle People
Contours Edge Detector Edge Detector Edge Detector

Julien Mairal Sparse Coding and Dictionary Learning 117/182
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Application to edge detection and classification
Performance gain due to the prefiltering

| Ours + [Leordeanu '07] | [Leordeanu '07] | [Winn '05] |
| 96.8% | 89.4% | 76.9% |

Recognition rates for the same experiment as [Winn et al., 2005] on
VOC 2005.

Category | Ours+[Leordeanu '07] | [Leordeanu '07]
Aeroplane 71.9% 61.9%
Boat 67.1% 56.4%
Cat 82.6% 53.4%
Cow 68.7% 59.2%
Horse 76.0% 67%
Motorbike 80.6% 73.6%
Sheep 72.9% 58.4%
Tvmonitor 87.7% 83.8%

[ Average | 75.9% | 64.2 % |

Recognition performance at equal error rate for 8 classes on a subset of
images from Pascal 07.

=] F = = E 9DaA¢

Julien Mairal Sparse Coding and Dictionary Learning
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Julien Sparse Coding and Dictionary Learn

Digital Art Authentification
Data Courtesy of Hugues, Graham, and Rockmore [2009]

Authentic

Given a pair of paintings, Which one is the fake?

Julien Mairal Sparse Coding and Dictionary Learning
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Digital Art Authentification

Authentic

Data Courtesy of Hugues, Graham, and Rockmore [2009]

Fake

Julien Mairal

[m]
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Digital Art Authentification

Authentic

Data Courtesy of Hugues, Graham, and Rockmore [2009]

Authentic

Julien Mairal

[m]

Sparse Coding and Dictionary Learning

A

123/182

299

Dac




Background Subtraction

Given a video sequence, how can we remove foreground objects?

video sequence 1 video sequence 2

Julien Mairal Sparse Coding and Dictionary Learning 124/182

Background Subtraction

~ Do + _e
y —~— ~—
frame  linear combination of background frames  error term

Solved by

1
in  Z|y— Da— e .
wein ly — Do —e[|3 + A1l + A2¢(e)

Same idea used by Wright et al. '09 for robust face recognition with

b=l
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Background Subtraction

(b) estimated background (c) foreground, ¢;

(d) foreground, ¢;+struct (e) other example
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Background Subtraction

(a) input (c) foreground, ¢1

(d) foreground, ¢1+struct (e) other example
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Important messages

@ Learned dictionaries are well adapted to model the local
appearance of images and edges.
@ They can be used to learn dictionaries of SIFT features.

@ New applications coming with structured sparsity?

Julien Mairal Sparse Coding and Dictionary Learning
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Next topics

@ Optimization for solving sparse decomposition problems

@ Optimization for dictionary learning

Julien Mairal Sparse Coding and Dictionary Learning
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Q Image Processing Applications
9 Sparse Linear Models and Dictionary Learning
9 Computer Vision Applications

@ Optimization for sparse methods
@ Greedy algorithms
@ (1 optimization
@ online dictionary learning
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Recall: The Sparse Decomposition Problem

1
min, 3ly=Dalz +  Ala)

. Vv
data fitting term

-

sparsity-inducing
regularization

1) induces sparsity in a. It can be
o the £y “pseudo-norm”. |laljo £ #{i s.t. afi] # 0} (NP-hard)
o the /1 norm. a1 £ P, ledi]| (convex)
° ...

This is a selection problem.
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Finding your way in the sparse coding literature. . .

...is not easy. The literature is vast, redundant, sometimes
confusing and many papers are claiming victory. ..

The main class of methods are
o greedy procedures [Mallat and Zhang, 1993], [Weisberg, 1980]

@ homotopy [Osborne et al., 2000], [Efron et al., 2004],
[Markowitz, 1956]

o soft-thresholding based methods [Fu, 1998], [Daubechies et al.,
2004], [Friedman et al., 2007], [Nesterov, 2007], [Beck and
Teboulle, 2009], ...

o reweighted-¢, methods [Daubechies et al., 2009],. ..
@ active-set methods [Roth and Fischer, 2008].

o ...
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Matching Pursuit a = (0,0,0)
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Matching Pursuit

y

d;

Julien Mairal

a = (0,0,0)
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Matching Pursuit

y

d,

Julien Mairal

a = (0,0,0)
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Matching Pursuit

Julien Mairal

a = (0,0,0.75)

Sparse Coding and Dictionary Learning
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Matching Pursuit

Julien Mairal

a = (0,0,0.75)
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Matching Pursuit

Julien Mairal

a = (0,0,0.75)
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Matching Pursuit

y

Julien Mairal

a = (0,0.24,0.75)
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Matching Pursuit a = (0,0.24,0.75)

y d,

d;

Julien Mairal Sparse Coding and Dictionary Learning 140/182

Matching Pursuit a = (0,0.24,0.75)
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Matching Pursuit a = (0,0.24,0.65)
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Matching Pursuit

i —Dalj? st <L
min, |y —Da|l3 st [afo <
r

a0
r <y (residual).
while ||afjo < L do
Select the atom with maximum correlation with the residual

Eal A

7+ argmax|d] |
i=1,...,p

5:  Update the residual and the coefficients

afi] « afi]+d]r
r o« r—(d/rd;

6: end while
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Orthogonal Matching Pursuit

Julien Mairal
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Orthogonal Matching Pursuit

Julien Mairal

a = (0,
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Orthogonal Matching Pursuit

a = (0,0.29,0.63)

Julien Mairal Sparse Coding and Dictionary Learning 146/182
Orthogonal Matching Pursuit
min —Dalj3 st |alo<L
min - [ly 12 lello <
1. = @
2. for iter=1,...,L do
3:  Select the atom which most reduces the objective
i <— argmin {min ly — Dru{;}a'H%
jerc Lo
4:  Update the active set: [ < U {7}.
5. Update the residual (orthogonal projection)
r «— (1— Dr(D{ Dr)" 1D} )y.
6:  Update the coefficients
T \-1nT
7: end for
Julien Mairal Sparse Coding and Dictionary Learning 147/182
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Orthogonal Matching Pursuit

Contrary to MP, an atom can only be selected one time with OMP. It is,
however, more difficult to implement efficiently. The keys for a good
implementation in the case of a large number of signals are

@ Precompute the Gram matrix G = DD once in for all,
@ Maintain the computation of D'r for each signal,
@ Maintain a Cholesky decomposition of (D] Dr)~! for each signal.

The total complexity for decomposing n L-sparse signals of size m with a
dictionary of size p is

O(p*m) + O(nL)+ O(n(pm + pL?)) = O(np(m + L?))
——— ~ ~
Gram matrix ~ Cholesky DTr

It is also possible to use the matrix inversion lemma instead of a
Cholesky decomposition (same complexity, but less numerical stability)
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Example with the software SPAMS

Software available at http://www.di.ens.fr/willow/SPAMS/

>> I=double(imread(’data/lena.eps’))/255;
>> Jextract all patches of I

>> X=im2col(I, [8 8],’sliding’);

>> Yload a dictionary of size 64 x 256
>> D=load(’dict.mat’);

>>

>> Yset the sparsity parameter L to 10
>> param.L=10;

>> alpha=mex0MP (X,D,param) ;

On a 8-cores 2.83Ghz machine: 230000 signals processed per second!
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Optimality conditions of the Lasso

Nonsmooth optimization

Directional derivatives and subgradients are useful tools for studying
£1-decomposition problems:

1
min >lly = Dallz + Allells

In this tutorial, we use the directional derivatives to derive simple
optimality conditions of the Lasso.

For more information on convex analysis and nonsmooth optimization,
see the following books: [Boyd and Vandenberghe, 2004], [Nocedal and
Wright, 2006], [Borwein and Lewis, 2006], [Bonnans et al., 2006],
[Bertsekas, 1999].

Julien Mairal Sparse Coding and Dictionary Learning 150/182

Optimality conditions of the Lasso

Directional derivatives
@ Directional derivative in the direction u at «:

Vi(a,u) = lim flat tu) = f(a)

t—0+ t

@ Main idea: in non smooth situations, one may need to look at all
directions u and not simply p independent ones!

@ Proposition 1: if f is differentiable in a, Vf(a,u) = Vf(a) u.
o Proposition 2: « is optimal iff for all u in RP, Vf(a,u) > 0.
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Optimality conditions of the Lasso

1 )
min Slly — Delz + Al

a* is optimal iff for all u in RP, Vf(a, u) > 0—that is,
—uDT(y-Da)+ A 3 sgn(@[ull+A S juil >0,
i,a*[i]£0 i,a*[i]=0

which is equivalent to the following conditions:

v d7(y-Da*)| < X ol
i=1...,p, {di'r(y_Da*) — )\sign(a*[i]) ifa*[l.]#o
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Homotopy
@ A homotopy method provides a set of solutions indexed by a
parameter.
@ The regularization path (A, a*(\)) for instance!!

@ It can be useful when the path has some “nice” properties
(piecewise linear, piecewise quadratic).

@ LARS [Efron et al., 2004] starts from a trivial solution, and follows
the regularization path of the Lasso, which is is piecewise linear.
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Homotopy, LARS

[Osborne et al., 2000], [Efron et al., 2004]

i1 d7(y —Da*)| < A if a*[i] = 0
AL d’(y — Da*) = Asign(a’[i]) if a*[i] #0
(5)
The regularization path is piecewise linear:

D/ (y - Draj) = Asign(af)
at()) = (DIDr) D]y — Asign(at)) = A + AB

A simple interpretation of LARS
@ Start from the trivial solution (A = ||D"y||, @*(\) = 0).
@ Maintain the computations of |[d] (y — Da*()))| for all i.
@ Maintain the computation of the current direction B.
@ Follow the path by reducing A until the next kink.
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Example with the software SPAMS

http://wuw.di.ens.fr/willow/SPAMS/

>> I=double(imread(’data/lena.eps’))/255;

>> Jextract all patches of I

>> X=normalize(im2col(I, [8 8],’sliding’));

>> %load a dictionary of size 64 x 256

>> D=load(’dict.mat’);

>>

>> Yset the sparsity parameter lambda to 0.15
>> param.lambda=0.15;

>> alpha=mexLasso(X,D,param);

On a 8-cores 2.83Ghz machine: 77000 signals processed per second!
Note that it can also solve constrained version of the problem. The
complexity is more or less the same as OMP and uses the same tricks
(Cholesky decomposition).
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Coordinate Descent

@ Coordinate descent + nonsmooth objective: WARNING: not
convergent in general

@ Here, the problem is equivalent to a convex smooth optimization
problem with separable constraints

1
min EHY—D+a++IlJLM§+AaII+AaI1si.a,Jx%ZO.

[o WEN s 2

@ For this specific problem, coordinate descent is convergent.

@ Supposing ||d;||2 = 1, updating the coordinate i:

. .1 .
ali] « argmin Z||ly — > aljld; —di[[3 + A5
Ié; Y
JF
r

«— sign(d/r)(|d]r] — N)T

@ = soft-thresholding!
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Example with the software SPAMS

http://wuw.di.ens.fr/willow/SPAMS/

>> I=double(imread(’data/lena.eps’))/255;
>> Jextract all patches of I

>> X=normalize(im2col(I, [8 8],’sliding’));
>> %load a dictionary of size 64 x 256

>> D=load(’dict.mat’);

>>

>> Yset the sparsity parameter lambda to 0.15
>> param.lambda=0.15;

>> param.tol=le-2;

>> param.itermax=200;

>> alpha=mexCD(X,D,param);

On a 8-cores 2.83Ghz machine: 93000 signals processed per second!
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First-order /proximal methods

in f Q
Mmin f(a) + AQ(a)

@ f is strictly convex and differentiable with a Lipshitz gradient.

@ Generalizes the idea of gradient descent

L
o argmin f (o) +VF(a®) " (a - ak)—l—EHa — o 34+2Q(a)

acRkep ) . |
linear approximation quadratic term
1 K 1 kw2 A
+—argmin = ||la — (& — =Vf(a)|5 + ()
acRP 2 L L

When A =0, a*! « ak — 1 Vf(aX), this is equivalent to a
classical gradient descent step.
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First-order/proximal methods

@ They require solving efficiently the proximal operator

1 )
min, §||u — a3 + AQ(a)

@ For the /1-norm, this amounts to a soft-thresholding:
* o +
a; = sign(u;)(u; — \)".

@ There exists accelerated versions based on Nesterov optimal
first-order method (gradient method with “extrapolation™) [Beck
and Teboulle, 2009, Nesterov, 2007, 1983]

@ suited for large-scale experiments.
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Lasso Empirical comparison: Lasso, small scale (n = 200,p = 200)
reg: low reg: high
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Empirical comparison: Lasso, medium scale (n = 2000,p = 10000)
reg: low reg: high
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Empirical comparison: conclusions

Lasso
@ Generic methods very slow
@ LARS fastest in low dimension or for high correlation
@ Proximal methods competitive
o esp. larger setting with weak corr. + weak reg.

@ Coordinate descent

@ Dominated by the LARS
@ Would benefit from an offline computation of the matrix

Smooth Losses
@ LARS not available — CD and proximal methods good candidates
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Optimization for Grouped Sparsity

The formulation:

o1
min Sly=Dal} + AY gl

SN—— ge€g
data fitting term S————
group-sparsity-inducing
regularization

The main class of algorithms for solving grouped-sparsity problems are
@ Greedy approaches
@ Block-coordinate descent

@ Proximal methods
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Optimization for Grouped Sparsity

The proximal operator:

o1 5
min Slu—alB+23 agly
g€eg
For g =2,

u
o == (lugla— )", Veeg
lugl2

For g = oo,
042 = ug — |'|||_||1§>\[ug], Vg S g

These formula generalize soft-thrsholding to groups of variables. They
are used in block-coordinate descent and proximal algorithms.
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Reweighted /¢,

Let us start from something simple
a’> —2ab+ b*> > 0.

Then
2

(a— n b) with equality iff a = b

<
A

1
2
and

1o
Halll—ggig y T

The formulation becomes

J

.1 , A= afj]?
min_5ly =Dali+3> ==+

j=1
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Important messages

@ Greedy methods directly address the NP-hard £y-decomposition
problem.

@ Homotopy methods can be extremely efficient for small or
medium-sized problems, or when the solution is very sparse.

@ Coordinate descent provides in general quickly a solution with a
small/medium precision, but gets slower when there is a lot of
correlation in the dictionary.

@ First order methods are very attractive in the large scale setting.

@ Other good alternatives exists, active-set, reweighted ¢, methods,
stochastic variants, variants of OMP,. ..
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Optimization for Dictionary Learning

n

_ 1
min Z—H)ﬁ— Da,—\|§+)\||a,-\|1
aERPXn . 2
Dec =1

CE{DeR™ st. Vj=1,...,p, |dj]l. <1}.

o Classical optimization alternates between D and «.

o Good results, but very slow!
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Optimization for Dictionary Learning
[Mairal, Bach, Ponce, and Sapiro, 2009a]

Classical formulation of dictionary learning
1 n
infp(D) = min — I(y;, D
gia(P) =it 2 1% D)
where
I(x,D) 2 min Z[ly — Da2 + Al
’ _QERP2 y 2 L

Which formulation are we interested in?

in{f(D) = E,[/(y,D)] ~ | /,,}
gin {£0) = B0~ i3t
[Bottou and Bousquet, 2008]: Online learning can

@ handle potentially infinite or dynamic datasets,

@ be dramatically faster than batch algorithms.
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Optimization for Dictionary Learning

Require: Dy € R™*P (initial dictionary); A € R
Ap=0,By=0.
for t=1,..., T do

Draw y;

s A

Sparse Coding: a; < argmin *HYt — D13 + M1,
acRP

5. Aggregate sufficient statistics
Ai Ar 1+ aral, By < By +yraf
6: Dictionary Update (block-coordinate descent)

D; « argminpee 20y (3lyi — eyl + Aleil).  (6)

= argminpcc %(% Tr(D"DA;) — Tr(DTBt)>. (7)

7: end for
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Optimization for Dictionary Learning

Which guarantees do we have?
Under a few reasonable assumptions,
@ we build a surrogate function % of the expected cost f verifying

lim lf\—t(Dt) — f(D¢) =0,

t—+00
@ D; is asymptotically close to a stationary point.
Extensions (all implemented in SPAMS)
@ non-negative matrix decompositions.

@ sparse PCA (sparse dictionaries).

o fused-lasso regularizations (piecewise constant dictionaries)
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Optimization for Dictionary Learning
Experimental results, batch vs online

Evaluation set A

s ,
\ AA " - %~ Batch n=101
0.305¢ ® N -©- Batch n=10|
\ \b v - A- Batch n=108
g 0.3} 3 \ A ——0L1
= \ S Y -e-0L2
U Y b
€ 0.295 ] Q A | A o3
w % Q A
£ 029t X, Q A I
0 ' :
9
3 0.285
0.28}
0.275 - -
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time (in seconds)

m=28x 8, p=256
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Optimization for Dictionary Learning
Experimental results, batch vs online

Evaluation set B

: S 2%
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Sébastien PARIS
LSIS / Univ. Med. / DYNI

http://www.lsis.org/spip.php?id_rubrique=28
http://www.mathworks.com/matlabcentral/fileexchange/authors/13308

'"" Reconnaissance de Scénes & Robotique avec Vision Embarquée "

Cette présentation liée au challenge RobotVision@ICPR 2010 fait un tour d'horizon
de la chaine compléte de traitement et des différentes techniques (basées sur de la
vision et du machine learning) dédiées a la tache de catégorisation (dynamique) de
sceénes d'intérieur.

Ce tour d'horizon commencera par une revue des descripteurs locaux/globaux
utilisés ( LBP, spHOG, SIFT, etc... ), des techniques d'encodage des descripteurs en
dictionnaires visuels (VQ, soft VQ, Sparse Coding, etc...), en passant par les
classifieurs a vastes marges dédiés aux grandes échelles (FastIKSVM, Liblinear,
etc...) sur noyaux potentiellement multiples (MKL, GMKL, etc...).

Nous montrons comment intégrer a cet ensemble la dynamique de I'état (approche

HMM, particulaire, etc...), et abouti au meilleur modele de localisation robotique
dans le challenge ImageClef ICPR 2010.

Références :

Sébastien Paris, Hervé Glotin, "PyramidalMulti-Level Features for the RobotVision@ICPR
2010 Challenge" , pp. 1-4, ICPR"2010, Turkey, 2010

Sébastien Paris, Hervé Glotin, "Linear SVM for new Pyramidal Multi-Level Visual only

Concept" , CLEF (Notebook Papers/LABs/Workshops),
http://clef2010.org/resources/proceedings/clef2010labs_submission 118.pdf, 2010
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&

Catégorisation de scénes par vision appliquée a
la robotique

ERMITES 2010, 28-30 septembre % Bivis 5: H

Sébastien Paris, LSIS/DYNI

(5-‘ Introduction (1/3)

O Robovision@ICPR 2010 challenge [1] : « which room I am ? »
v Binocular cameras
v 9 visited rooms in training 'easy’ & ‘hard’ databases
v ‘validation’ database to tune the system

v 'test’ sequence with different conditions (people, moved furnitures,
illumination, unseen part of the rooms, unknown visited rooms)

e

Left camera Right camera

Floorplan
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(_5: Introduction (2/3)

Rooms : Elevator(1l), Corridor(2), Kitchen(3), LargeOfficel(4),
LargeOffice2(5), SmallOffice2(6), StudentOffice(7), Lab(8),
PrinterArea(9), Unknown(10)

[ [
.
) - -

5 B

#

7 || | || -

J o= | I
liovrree

(5-‘ Introduction (3/3)

0 Fundamentally a machine learning problem: scene/object
recognition/matching task

v" Numerous databases available: Caltech 101/256 [2,3], Graz-02 [4],
VOC [B], 15 class scene [6], ..

v Thousand references and algorithms

Q but with some specificities
v’ stereoscopic vision
v robot's motion
v medium size of training databases ([4500-6000] stereoscopic frames)

Q Several architectures
v Machine Learning architecture

v Matching architecture
V..
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)

Late Fusion architecture (1/2)

Q Given a set of training images I = {¢y,...,ix} C T

Q Classical machine learning architecture in vision
v descriptors computed on images set X' {af.....z\}cC X%
v'1 model per descriptor (classifier parameters)
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(EJ: Late Fusion architecture (2/2)

y W [2pow
5| paup.y

Q For any test image ¢ (N, x N;) Xl
vlate fusion
5
2 3
Online 8 5] Offline
~ &
Q.
8 x?!
3 | —
©
s
a
) 5 i
: © a
: @, =)
o 3
S
Q.
b
3 ax'™
T | —
s
@
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@ Early Fusion architecture (1/2)

Q Early fusion machine learning architecture in vision
v'1 fused model (descriptors concatenation, MKL, etfc ...)

N
>

1 sdoydiudsap

|2pow
pauioua}

w suoqdiosap | .........

(EJ: Early Fusion architecture (2/2)

O For any test image 3 (NVy x Nz

Online Offline
-
o A
o©
8 -
3. % =
© a 9
s 83
[\
a %
-

uoio1paud

u suoqdiuosap
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@ Descriptors in Vision

Q Role of image descriptors in vision
vExtract information from image (shape, color, texture, moments)
v'Usually more informative than the image itself
v'Reduce considerably the size of input vectors

Joydiuasap

I1ci xC X
O descriptors properties requiered

v'Invariant to image transformation (scale, rotation, illumination, etc..)
v'Robust to noise

v'Capture global & local informations
v Dimension of up to date descriptors can be ¢ > 10000
v'Used directly as input of classfiers or matching procedures

(Ei Spatial pyramidal architecture

O Capture local information at different scales

O Each image; is divided inV,; subwindows(h; x w;)according to a L
levels pyramid where i, = |[Ny.ry;| andwi = | Nz.r; ]

QO Subwindows shifts are defined by 4, = [Ny.dy:] and 6, = |Nz.dy )

- )
e 1:;,LL(dy,l + 1)J'L(dz,z + 1)J

Q Histograms built for each subwindows are weighted according their
level |
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@Histogram of Oriented Edge Energy (1/3)

Q Variant of Histogram of Gradient (HOG) introduced by Maiji [7]

VeimieCe V| = /(V.4) + (9,0

—li &

Odd elongated
oriented filters

m—
Gy = * .
Vi = ixGy

6His'rogram of Oriented Edge Energy (2/3)

Binning eachf
orientation in No
. directions

f ,

Magnitude response for each orientation
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@-Histogr‘am of Oriented Edge Energy (3/3)

L1 normalization with block of size (h n X "P_,[.‘n)

»1

™

Build histogram by

summing edge energy

responses in each

direction

e - T
>— — = [..3,1., ceea i

~/

With the spatial pyramid architecture, each histogram
is built for each subwindows with the Integral
Histogram method

o R.:\I'?:\.o

(EJ: Local Binary Pattern (1/4)

Q LBP
v" Encode relationship between central pixel and its neighbors
v LBP can be considered as a parametric visual word
v Robust to illumination variations

=&

B Thresholding | 1 1 operatar
HEE 1 oo |*

L]
Bimary: 1010011 AT

O Local Histogram of LBP for each subwindows

local histogram

LBP code — M

local histogram
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Local Binary Pattern (2/4)

Q Variant of LBP

¥ Multiblock LBP with a block of size (/2 x {)[11]. Thanks to integral
image to accelerate computations I
v Center Symmetric LBP [12] I<—>
1 3 ¥
v Gabor LBP [13] h
N i
v Color LBP [14]
. . 5 0 I
v Local Derivative Pattern [15]
; ! =
2=y Y =y
Integral Image I'(x,y) = Iz
9 9 Y= Ly
=1 y'=1 I ;
A [}
1 =
o D
4
“ |
Dod-it40+1
Local Binary Pattern (3/4)
The object category dassification results in AUC for the SIFT descriptor and for eight different CS-LBP descriptors
Qass SIFT CS-IRP: W =Wy, T=001
M=4 M=3
RN=28 RN=1L8 RN=26 RN=1.6 RN=28 RN=26 RN=1.0
Bicycle 09181 aa1a 08171 0.5029 08007 09220 0.5067 08077
Bus 09726 08731 Da745 05738 085712 oSz 0.9659 08630
Car 085585 DA66S 0.8665 (LGGRE 05672 049645 05644 DAG60
Car 08874 D8B83 08838 08829 08921 08853 08827 DEBB4S
Cow 08907 04155 08113 5077, 08138 19059 08113 08091
Dog. 08182 08317 0.8303 08354 8350 08363 E274 08299
Harse (18440 0B88ED 08832 08879 DB948 00036 08911 08763
Mutorbike 09391 0850z 0.8523 (19346 08419 093g7 09264 05409
Ferson 08068 081493 08295 08079 08172 as131 0.8083 08118
Sheep 0.8959 na@m 05241 05207, 08176 09331 09235 08199
Mean 0.8936 0.906% 09083 5012 08052 19066 09012 058015
Abbreviations: M, Cartesian grid size; W.weighting method; W, uniform: (R.N.TL (S-1BP operator parameters.
The object category classification results in AUC for eight different LBP descriptors
Olass LBP: W =W, T=001
M=4 M=3
RN=24 RN=14 RN=213 RN=13 RN=24 RN=213 RN=113
Hicycie 0.9268 059303 a8 s 049199 09187 09238 DY138 09219
Bus 09741 08717 aa71 DOGEES no7z4 DETIS DOESE 09629
Car 05685 08701 049652 DO656 0.9684 L9716 08632 19663
Cat 0.8958 08014 03960 0.8008 0.B817. 0.E982 DB08E 0.8862
Cow 0.9158 05215 ag9132 0.8156 08236 092389 09159 09167
Dog (L8357 08151 QB840 0.8339 0.8402 0E449 B.8324 0.8397
Horse 08877 08877 08794 0.8848 08623 08841 08753 0BIG6
Muatnrhike 08431 049524 na411 0.0459 05426 0.9477 05366 09331
Persan 08248 0.8328 08022 0.8128 08217 08277 07914 08071
Sheep 05773 08104 nga23 09219 0.5308 f8316 BI9239 00241
Mean 09102 05132 8039 0.9058 08102 09135 D901T .8045

Abbreviations: M. Cartesian grid size: W, weighting method: Wo, uniform; (RN T4 LBP operator parameters.
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@* Local Binary Pattern (4/4)

Colors LBP LDP
o n ; n vz 100
TAC .l‘a T A =
Gibor | - e -
L9 . ‘ 2 I Y i 1 £ - I IS - ™ | STy S . £
Hue LBP(ms) : : ‘ 7|
Opponent LBP(uus) = 1 o Results on graydevel rages
—#— Results on Gabor feature Images.
10pponcnt-LBP(ms) /== T ] | |
W ! : : 2nd-order LOP  3id-order LOP  4th-ordst LDP
0 005 01 015 01 025 03 035 04

Mean Average Precision

® yawkony wn

BRI IO 101101000 150011

A i
" AN

13 e gl o il
At AR v

(EJ: Traditional Bag of Word (1/3)

Q Bag of (visual) Word (BoW)
v'Quantize local patches into discrete visual words with a trained
codebook
v'Compute a compact histogram representation

29
33
3=
Ea]
2 =+
<8
-~ 3
D3
l BOW
<
o o8
.39, s
+ & S g
Q35 — =4
5s 3
llla" g
3 =+
z
3
1CT 2 Z
xr X
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6 Traditional Bag of Word (2/3)

Q Visual words (or codebook) are usually trained by K-means or GMM

Q Given a collection of descriptors computed on each training image
Z dz,...,zy}C Z

N Gr)
min E min_||zn — di||?
D Eo1a. K

m=l '

Q the codebook D withK words is computed by:  inputZns 6?}0,}
Q. O

_"\‘I
or reformulated by: min D llze —w PP with Card(w,)  Lju,| 1,20
1

! n=

With N>1000000, fast Kmeans is required [20]
(thanks to yael https://gforge.inria.fr/projects/yael)

(5: Traditional Bag of Word (3/3)

With a test image with P <« N patches, when 3 is trained, iJ is
retfrieved by:

Iz

min Z 2, — u, D2
{'ux}x_i....?p=l'“ i’ # ”

PR o
. . . . - I . .
Histogram of a test image is obtained by: & = I E ‘%, and normalized
p=1

z

Lol

BOW
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6 Sparse coding (1/3)

Q Better patches (sparse) representation can be obtained with
sparse coding (SC)

_',\‘I
min D llze = wa P+ Alwi o, with di|? L & L. K
' A

{uitimow B T

enforcing sparsity
Tradeoff between representation fidelity and sparsity

Inpt 2y

[/. D are optimized alternatively z
i) Fixing D, 7 is found by linear programming

ii) Fixing {7, D is found by quadratically constrained quadmﬁc/
programming

(5: Sparse coding (2/3)

i) With a test image, when 7 is trained, i/ is retrieved sparse coding
with [21]:

min 1Z - DU 2+ x U,

ii) The feature can be computed for example with a max pooling
strategy

1. Less quantization error than VQ
2. Image patches are sparse in nature
3. Max pooling is more salient and robust to local translations
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@ Sparse coding (3/3)

Q Variant of sparse coding with Locality constrained Linear Coding
[22]

I’
min Z 2y — P 2+ M|y & Flzy. ﬁ)“g with |u,] 1

{ '.'}A_J.......‘- ]‘J=J.

similarity function

With Sparse Coding, linear classifiers are very efficient (due to the
sparsity)

O Supervised dictionary learning [23] : learn jointly $ and i

(EJ: Histogram of Gradient/Dense SIFT (1/3)

Q Simplified version of SIFT
v no keypoints detection, SIFT [8] patches evaluated on dense grid
v no dominant orientation alignment
v single scale
v'3D histogram of gradient locations and orientations
v A (4*4*8) vector
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6 Histogram of Gradient/Dense SIFT (2/3)

Q Variant of SIFT

Lioht nteaedly changy — Light ey obill | Eigdl iensity chonge ol shill Lighl color clonge Lk ool viange ad shill
REN Hitttigram g p . . :
v SURF 0y % B T )
[
v’ Color SIFT [9,10] [ ' ' ' : <
T + + +
v o ¢
haed Tranatarmid colr | | | |
[ +
eme i | [ |
SIFT OV | [ | +
LSV AT + + + + +
HigkIFT | | [ - [
Uyl | e + + + +
WA + + + +
R IFT | | | 1 i
sl ol SUT + + + - -
© maris Lapiace
A Harris-Laplacs with spatial pyramid
® Dence sampling
A Dense sampling with spatial pyramid
s © sma
Opponant|- L PN
Huel cama
ral e & a
Transfomed color - @ @ a
Colar moments| ° ma
R e A ®A
sl ® > a
nevesirTh ® s® a
HuesarT © m oa
GpponentsIET [ ©® Ae a
wsiET | e m» a
rasieT| e & a
Transt. color ST © asre a Pascal VOC 2007
05 CEy o 53 = ) G.e
war

ReE

opponent
Hue

ol

Transformed color|
Color moments
Cotor moment
invariants

sieT

Hsv SIET]

FuesiET
OpponentSIET
wsiET

rasIFT

Transt. color SIFT|

o

‘Dense sampiing

Spatial pyramid

& T
A Dense sampling
A Harrls-Laplace  Dense sampling
F A aa
E A aa
F AkA
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A A A
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E A A A
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@ Statistical Machine Learning (1/3)

Training databases I = {iy,...,é5} C I with corresponding labels
Y = {'.Ul:-..,y]\-"} - y.‘ Whel"e y,z' e l,_'_!L’ é — l,...,;N.

Given the descriptors computed over [ z

Z=2ZNZ
We assume than examples are drawn i.i.d. according to p(x,y)
Expected Risk E(f) = / Ly, fla)ple, y)dedy

TyeX <Y

N
Empirical Risk Ex(f) = Z Llys, f(ws)). 2 € X, €Y
=1

(EJ: Statistical Machine Learning (2/3)

OWe would like to find f* that minimize E( f) among all functions
But in general f* ¢ 7 and the best we can find f% € F than
minimize E(f)

Q Since p(x,y) is unknown, we compute fy € F that minimize En(f).

Q A natural idea is to find fy = arg }Ileiglr{Ei\'( f)} but often costly

D Error Elfn) — EUf7) = E(fF) — E(f") + E(fn) ~ EUf5)

J A\
Y Y

Approximation error Estimation error

uuuuu

Approximation error

Size of F
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@. Statistical Machine Learning (3/3)

O Usually family F functions depend on parameter ¢ i.e. fxv = f(0x)

= £
T%Bx) —— *(8x) * d
N oo + +
Risk luated on test set

isk evaluated on test se ++/\4¢) \’/

760 © \

" ‘ / N (D

E5 (0] Empirical risk evaluated on
training set /f /
} — « richesse » modéle

Q First attempt was to stop model optimization when test error
start to increase

O When =¥(8x) —‘ ‘“f {'ﬁ @ 2. Vapnik theory with Structural
Error Mmumuza‘hon

O Under strong PAC, with a probability 1 — 7

£(0) < Ex(0) + \/ llog (% ‘ \{)) — log(4)

. _
Confidence interval (7 N’(h)

(Ei Structural Risk Minimisation (SRM)

E (Q ) Expected risk

E N (9) Empirical risk
h

*

O Empirical Risk is a decreasing function versus VC-dimension .7

QCx(h) is a increasing function when:
v Number of training examples decrease

v VC | dimension increase (usually proportional to feature dimension size, number
of neurons, etc..)

h = d + 1 for linear Kernel
E=—=> Minimization of the Structural Risk:

18" 5V} = arg 'CE I(Iéirrle z}{E%( )+ Cn (1))
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@' SRM and Large Margin classifiers

Large Margin classifier objective (e.g. SVM) : find 8 minimizing
Empirical Risk with the largest margin A

2

Q Vapnik showed £ < min{- If 7L

==> Find O with the largest Af decreases C'x(h)
Q For LVQ approaches

8K-U{U —1)B(B+1)(B+2)VN (8K-UU~-1)\ [In(3)
MX(x;0)N ( MX(x;0)N ) 2N

Ni+1

E(0) < En(0)+

(Ei Linear SVM formulation

0 SVM learning rule (primal form)
N

A s 1
I%ﬂ §||w||z + N Zlmax{[], 1—y{w. )}
—
Q Can be written as QP problem:

LA :
iy 5 o]+ NZ& o Vi, L yelwm) < & & >0
Q Dual for'm

Tax E vy — — E i Ys (T, T4) st 0 < oy <

.
O Dual form initially preferred
v Easy non-linear version with Kernel Trick
v Easier to handle constraints (variables lie in a bounded interval)
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6 Classic SVM solvers

Q Original QP solver introduced by Vapnik is in the worst case ()(NB)
in runtime (involve all non-zero Lagrange multipliers)

0 SMO technique (Platt, 1999) break up the SVM optimization
problem in smaller subproblems. Optimize pair of Lagrange multipliers.
The worst case in runtime is O(d Nz)

——> still infeasible on large datasets
Q With large training sets:

(s training examples | hour 2.3% error

1AL training examples 1 week 2.28% error

——> Can we approximate fx to accelerate learning ?

(5: Large Scale problems

O For Large Scale problems, the active budget constraint is the
computing time T’

O Let's assume our solver returns . such that (» approximation)
E;\-‘(ﬁ\") < Enx{fn)+p

Stop iterative optimization long before convergence

Q Error
E(fx) — B(™) = B(f) ~ EG*) v EUy) — E(f5) + E(w) — E(fx)

Approximation error Estimation error Optimization error

O Computation time depends on 3 variables T'(F, N, p)

O Exact tradeoff depends on optimization algorithm
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Linear Large Scale solvers

Q Fixed F = f(x:0) = fw(z)

Q 2 solvers are commonly used [18]
v PEGASOS: online primal optimization form with SGD/SGP
v Liblinear: batch dual optimization form with dual coordinate descent

O Pegasos runtime O(i) [16]
v pick random fraining samples
v independent of the number of examples
v slow convergence

v can be extended to nonlinear kernels thanks to the representer
theorem

Q Liblinear runtime O(N+d loy;(£)) [17]
v Series of univariate optimizations
v' Achieves lower generalization error quicker than Pegasos
v faster convergence
v but runtime decreases on larger training sets

(5 Pegasos

fort=1...Tdo
Pick random A; C T such that |[4;| =&
M:={(r,y) € A : 1 —y(w-x) > 0}

. e 1 Wil
Vi = Auy | Al Eir.yié,*ﬁl 4

£ L B T —_— _j
Update Wey k< W — 35 - Ve

Let w —min|1.— | w., 1
i o A £

end for
return .y
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Liblinear

Let e +— zero vector in B"
Let u: «— zero vector in B9

while o is not optimal do
Pick an index 7 € {1.....n}
u{"d — (¥, '
Ve Y | w o ) — 1oy
Vp —min(max{(V, 0),U)

if V p 2 0 then
o, — min(max(a, — V/@Q,,.0),17)
w— w+ (a, — oMy, 2,
end if
end while

&

Large Scale SVM solvers ..

Algorithm Citation SVM type Optimization type Style Runtime
SMO [Platt, 1999] Kernel Dual QP Batch ,Q(nzd)
SyMiisht [Joachims, 1999] Kernel Dual QP Batch Q(n*d)
Core Vector Machine [Tsang et al., 2003, 2007] SL Kernel Dual geometry Batch 0O(s/ )
svmet [Joachims, 2006] Linear Dual QP Batch O(ns/A\p*)
NORMA [Kivinen et al., 2004] Kernel Primal SGD Online(-style) O(s/p*)
SVM-SGD [Bottou, 2007] Linear Primal SGD Online-style Unknown
Pegasos [Shalev-Shwartz et al., 2007] Kernel Primal SGD/SGP Online-style O(s/Ap)
LibLinear [Hsieh et al., 2008] Linear Dual coordinate descent Batch O(nd - log(1/p))
SGD-QN |Bordes and Bottou, 2008] Linear Primal 28GD Online-style Unknown
FOLOS [Duchi and Singer, 2008] Linear Primal SGP Online-style O( s/Ap)
BMRM [Smola et al., 2007] Linear Dual QP Batch O(d/Ap)
OCAS [Franc and Sonnenburg, 2008] |  Linear Primal QP Batch O(nd)

351




@* Efficient Additive Kernels (1/3)

Q Use fast solvers for linear kernel with feature map approximating
additive kernels. The framework is [19]:
1. provide explicit feature maps for all homogenous additive kernels,

2. derive corresponding approximate finite dimensional feature maps
based on Fourier sampling theorem

3. quantify the extend of the approximation

O Homogeneous additive kernel:
v Chi2
v Intersection Hellinger

O Additive kernel for finite distributions (histograms)

B
K(z,y)= Zk(iﬂb:’yh)
b=1

U Homogeneous kernel ‘e3> 0: k(ck,cy) = ckiz,y)

(Ei Efficient Additive Kernels (2/3)

O Homogeneous kernel with ¢ = \/zy

[y . v, .
kl@.y) = Jayk (V;;_ \f%) = \Vayk (log(i,l) where & (w) k(e @2 71w = 105;(%)

O There exist a symmetric non negative measure s {A) dx
| ‘ | :3(
ke, y) = Ty / e '“t%(%?n:.(,x)d,\ Kiw) = / TP 0 )edA

Q Analytic form of feature maps

| =
: AF : - JArlegl@®y S
ba) = [ W@l vy Bl D) ()
—

kernel | k{w.y) | K@) | w(A) | feawre|[¥(x)ly |  ~-homogeneous variant

Hellinger's VI 1 a(A) VT (zy)2
xtb
e 2 sech(w/2) | sech(aA) | e™1°E= i sech(mA) ‘2% o

intersection | min{x, y} e~ lwliz2 E:ﬁ_- iAo \%ﬁg min ]:r._"-‘_y_"-‘_. T ‘_,r;-‘_ q
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Efficient Additive Kernels (3/3)

Q Approximated finite feature maps
v Sampling at A nL,{ n| VL. ..nL

[F{ai] _
JZEL

\.-"Qm.{-"é foreos{? L K logle)), F 30 odd

V"‘Izﬂ(ﬁL] sin{fLloglx)l. j U even

Approximate signature is Fourier transform of sampled and truncated

signal « (jL), § no L.o..onl
n 4
G Y cp ik ot 3
K,(lug[;)) = E L(jL)eds st
- j=—un
linear kernel Hellinger’s kernel x~ kernel inters. kernel
Caltech 101 acc. time ace. lime acc. time acc. time
40.041.5 20.2+09 63.7+1.0 10.9+04 642417 3884is7 | 622418 354.Tio4a
appr. 1 624416 20.7+03 | 62.0x14 2
appr. 3 64.2+15 58.4+72 | 63.9+12 6 2.3
appr. 5 64.0+1.6 101.3+0.7 | 64.0+1.7  105.8+6.5
appr-y 3 658+15 54.7+62 | 65.7+15 2.
MB 1 - - 55.0+0.0
MB 3 - - 60.5+1.3
MB 5 - - 61.3+1.1

(5—: Application to Robotvision@ICPR 2010

T T
Q For spHOEE, we choose[ = 4 7, =1, = . IJ dz:dy:[l L 1}

'2'4°8 2'4°816

0 =2N, =12leading to N, = 540 and J = 6480
Q For spELBP, spELBOP, we choose [, =3 r,=r,=d, =d, = {17%&r
leading to N, =42and d = 10752

1

09

08

spHOEE (d = 6480,7 = 0.30)
Set|Classifier ER SRV AUC
Easy | TRON 0328 12925 0.9251
Easy | PWLSGD 0216 17245 0.9687

07

0§

05

04

Hord| TRON 0398 10255 08471 0

Hord| PWLSGD 0371 11200 08304 o

spELBP (d=10752,7= 0.35) 01

Set|Classifier ER SRV AUC o
Easy] TRON 0221 1605 09683 FEreE e
Easy| PWLSGD  0.156 19525 09783 WHFr —— 4 -+ -4 -+ -4 1
Hord| TRON ~ 0.338 1255.0 08855 Wﬁ: R
Hord | PWLSGD 0330 12115 08452 e e
SpELBOP (d = 10752, 7 = 0.35) KT T I T TTTT TTET
. S T T I T T T I I T T T T
Set|Classifier ER SRV AUC odd — b 4 b4+ —— 4 — H
Easy| TRON 0219 17110 0.9699 I i e
Easy| PWLSGD 0215 17275 0.9621 | R R =ty
Hard | TRON 0.388  1066.0 0.8416 T TIT T puisas spHoEE. AU 0o7osT
Hord | PWLSGD 0393 10435 08395 e e e na es o5 oF oa e .
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@' Application to Robotvision@ICPR 2010

Q Integrate the dynamic of the robot by smoothing the raw labels
sequence via a Forward-Backward algorithm.

Q Corridor is connected to all other rooms. The state transition
probabilities matrix A (10 x 10) is defined by:

1—A, 1=

. . A, 1=2,7#1

aij = Pr(yr = ilys—1 = j) = A i jf2
97 9 -

0, else

where A :% and 7 the mean sejour in current state.

Conditional measurements probabilities are proportional to SVM
outputs

Late Fusion
ER Easy Hard
Task 1 0.1477 0.2994
Task 2 0.0619 0.2567

SRV Easy Hard  Easy+Hard
Task 1 1985.5 1405.0 3390.5
Task 2 2314.0 1568.5 3882.5

)

Demo
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Hervé JEGOU
INRIA / IRISA
http://www.irisa.fr/texmex/people/jegou/

""Recherche d'Image a Grande Echelle :
Procédés d'Aggrégation & d'Indexation"

Cet exposé sera ax¢ sur la recherche d'image dans de trés grandes bases d'images et
de vidéos, pour lesquelles de nombreuses approches ont récemment été proposées
tant du point de vue de la description que des stratégies d'indexation associées. Du
point de vue de la description, nous nous intéresserons en particulier :

1) A la comparaison de techniques d'aggrégation vectorielles de descripteurs
locaux, ou des alternatives aux approches par sac-de-mots ont récemment émergées
pour la recherche et la classification d'images,

2) Et aux techniques d'indexation récentes permettant d'indexer ces

représentations.

Mots clefs : Méthode d'aggrégation vectorielle, Bag-of-words, Fisher Kernel et
approximation, Recherche approximative, Locality-sensitive hashing, Méthodes
basées codage de source, Recherche a grande échelle.

Références :

F. Perronnin and C. R. Dance. Fisher kernels on visual vocabularies for image categorization.
CVPR 2007.

F. Perronnin, Y. Liu, J. Sanchez, and H. Poirier. Large-scale image retrieval with compressed
Fisher vectors. CVPR 2010

Jegou, Douze, Schmid & Perez. Aggregating local descriptors into a compact representation,
CVPR 2010.

Jegou, Douze & Schmid. Product quantization for nearest neighbor search. T. PAMI, to
appear.

L. Paulevé, H. Jégou & Laurent Amsaleg. Locality sensitive hashing: a comparison of hash
function types and querying mechanisms. Pattern Recognition Letters, August 2010

M. Muja and D. G. Lowe, "Fast Approximate Nearest Neighbors with Automatic Algorithm
Configuration", VISAPP'09
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Recherche d'image a grande échelle:
procédés d'agrégation & d'indexation

Ecole d'été ERMITES
2010

Hervé Jégou, INRIA

thanks to M. Douze, P. Pérez, F. Perronnin, H. Sandhaw alia, C. Schmid

Image indexing: what is the problem we want to address?
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http://labs.ideeinc.com/multicolour/
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Image search: what we might want to do

The problem must be posed (=there is no obvious definition)
>

what are we looking for? Trees ? Locations? Plants that share 99% of
DNA with the query ? Reproduce human interpretation?!

» Machine learning approach: training set + evaluation set

Image search: what we might want to do

Sample images to be returned
Queries (objects)

(4
."
=

http://www.robots.ox.ac.uk/~vgg/data/oxbuildings/index.html
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Image search: proposed framework

e In the following : visual and geometrical similarity, no interpretation
» restrictive setup, but adapted to certain application setup
» ex: pirated image detection, place recognition

gueries relevant answers

Image indexing: description step

input image
vector(s) of features
descriptors’ I n A=
eSCplorS” il M
extraction
B =
‘ I o M

e Image processing : analysis step (=description)
» produce 1 or several descriptors (vectors) associated with the image
= convey useful information in exploitable form

» proximity between vectors: reflects visual similarity

e | won'tinsist on this description stage
» see the talk of Sébastien Paris

e SIFT (scale invariant feature transform)
» detection of regions of interest
» spatial description of intensity gradients
» invariance to geometrical and photometrical transformations
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Image indexing: the search step

indexing structure:
vectors associated with
an image database

descriptors’ I_. _= :. query(ies)

extraction ‘
m . m
‘ I o M

results:
« similar » vectors

image

vector(s) of features

e Searching an image =

» finding quickly, in a large set of vectors, the one s that most resemble to the
vectors associated with our query image

» for a given comparison metric between vectors (or between sets of vectors)

Large scale object/scene recognition: the complexit y issue

Image dataset:
n > 1 million images

quer_y_

ranked image list
e e |l ] s
system i Ll | |

e Animage described by approximately m=2000 descriptors (dimension d=128)
» nNn=2.10° descriptors to index!

e Database representation in RAM:
» Raw size of descriptors : 1 TB, memory intractable

e Search: n, * n*d elementary operations = 5. 1014
» computationally not tractable
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The complexity issue: Mimick text retrieval

e Seminal work: the « Video-Google » approach, Sivic & Zisserman’'03
e Key idea: aggregation of vectors

n local descriptor describing the image — 1 vector
e This is « the vector model »

» sparse vectors = efficient comparison
» inherits invariance of the local descriptors

Inverted file

e In database systems, this structure is a set of lists
» which groups the entities that share the same value for a given attribute
» in practice: is used for secondary keys (if limited set of possible attribute values)

e Typical application case : queries for textual documents (e-mails, ...)

word 1
word 2 e >|doc1 ldocs ldoc5 |
wordi e >|doc2 |doc3 |doc8 |doc9|

I dictionary = {set of words}

e The query consists in retrieving the list of documents containing the word
» complexity = O(number of document to be returned)
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Parenthesis: searching/comparing textual documents

e Vector model
» consider a dictionary with d words
» atextual document is represented by a vector f=(f1,....fi,...fd) € Rd
» each component i corresponds to a dictionary word
» f, = word frequency within the document
» Non discriminative words are removed (stopping lists)
i french, “le”, “la”, “est”, “a”, etc, are not considered

» sparse vectors: dictionary size large compared to the number of words in a
document

e Example (in french)
» dictionary = {*vélo”, “voiture”, “déplace”, “travail”, “école”, “Rennes”}
» representation space: R®
» “Rennes est une belle ville. Je me déplace a vélo dans Rennes”
= f=(1/4,0,1/4,0,0,1/2)

e comparing textual documents = comparing their vector representations

Back to our inverted file: distance between sparse vectors

query g and database Y={y,,y,,...y,}: sparse vectors

Example for the inner product:

Y1

Yo/ 1 §

q [012{0{0!3(010!0] <> !
Yo 1

y: [0{0{1{0{0{0{2!0] O
Yy, [110707015(01010] - o
ys [01010101010/1 1] ~yy 2Hyal 1] |
~lys 1 :

0

e Complexity : O(n xC),
» C: expectation of the number of shared non-null component positions
» linear complexity does not mean inefficient!

&
—m—m————————— L-,l_]—------------------ \<

Inverted file: efficient calculation of inner product (in fact, any L, distance, Chi-2,etc)

N

=
(6}

<
w

(@ T T T e p——
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Comparing sparse vectors with an inverted file: com plexity

p; = P(position i is non zero)

Li = list of non zeros elements for component i
Expectations of total shared non zero positions = nn, Z pi2
Optimum reached if p=1/k i
Imbalance factor: % ZpiZ

L

A

\
o000

Video-Google : a textual approach to image search

e The goal: “put the images into words”, visual words

R bbb bbb T
Eﬁsuﬁﬁiﬁnnummuimmm
R bRt b /s Rt I 6 6 4

wle.0nlelsnlale|#[W[N 8%

el
-
|
.

Ll
.

2l nlslnln als wsin ¥

-
, Fl
ey FR IR 15)

e Quantizer function: R? - ®
X - ¢(X) € o, dictionary of “visual words”

e Most the state-of-the-art image search
algorithms are built upon this approach

e idf (inverse document frequency) weights
the discriminative power of the visual word

.

Do L
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Vidéo-Google : mimicking textual retrieval systems

e vector model = vector of empirical frequency of visual word in an image

Interest region
+ descriptor extraction

Inverted file :
sparse vectors

i |

Quantization

frequency ‘ I

find nearest neighbor vector
(cosine, L, L,, Chi-2, etc)

results «+—

Complexity

e Frequency vectors (Bag-of-words) are sparse
» on purpose! Unlike in text, we decide the vocabulary size
- construction of a very large dictionary [Nister 06, Philbin 07]
» yields higher efficiency when search performed with an inverted file

o Complexity: nng Zpiz
i
» linear w.r.t the number of images n
» but small constant: typically 0.005 for a million-sized dictionary

e Memory usage
» sparse vector representation: {(pos;,val)}-; .
» better choice in this context: {pos}-; ,,
» 1 million images: ~ 8 GB
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Bag-of-word : another interpretation
« Visual words » are a view of mind
» another interpretation: approximate nearest neighbor search+voting
» or exact search for a particular definition of the neighborhood
N(a) ={yiin'Y :cly) =c(a) }
increasing the dictionary size
= reduce the cell size

no disambiguation:

= 6 votes for 2x3 descriptors
= inner product!

No disambiguation

e Problem for the scoring

\ ""'ﬂﬂﬂl'

i
\'I |"I
| \I‘

f |
I
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Compromise on vocabulary size: k=20000

Compromise on vocabulary size: k=200000
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Hamming Embedding: ANN extension of bag-of-words

Extension to the bag-of-words approach

e Large vocabularies, Hierarchical quantization [Nister and Stewenius 2006]
e Soft Quantization [Philbin 2008, but used before]

e Post treatment: geometrical verification [Lowe 2004, Philbin 2007, ...]

e Integration of geometry within the index

e Voting interpretation: refinement of descriptor comparison [Jegou 2008]
- see the part on approximate nearest neighbor search

e Query expansion [Chum et al 2007]
e Handling bursts [Jegou 2009]
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Hierarchical quantization

Vocabulary trees [Nister 06]

Using large vocabularies means high quantization cost

| JONON

oJol JoI I JOJX

Complexity of hierarchical quantization for k visual words and | levels

I x kT

Better approach: quantification based on ANN [Philbin 07]

We will come back on this point later

Geometrical verification

Re-ranking based on full geometric verification
» works very well
» but inefficient: performed on a short-list only (typically, 100 images)

for very large datasets, the number of distracting images is so high
that relevant images are not even short-listed!

[Lowe 04, Chum & al 2007]

0.91

0.8

\

short-list size:
= 20 images
= 100 images
= 1000 images

0.7

0.6

0.5

0.4

0.3

rate of relevant images short-listed

0.2

0.1

1000

10000

dataset size 100000

1000000
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The graal: geometric verification on a large scale
e Still along way to go...

e Important activity on the topic
» Geometrical Min-hash [Chum 09]
» Bundling features [Wu 09]
» Weak geometry consistency [Jegou 08]
» Spatial inverted file [Lin 10]
>
e In general, these representations does not correspond to a vector model
» not useable for classification
e except for the spatial pyramid method [Lazbenik 2006]
» notinvariant to translation, zoom, rotation, ... — for classification only

Weak geometry consistency [Jegou 2008]
Geometrical information used for all images (not only the short-list)

Each invariant interest region detection has a scale and rotation angle
associated, here characteristic scale and dominant gradient orientation

Scale change =~ 2 ‘
Rotation: Aa = 20 degrees

Each matching pair results in logscale and angle difference: As and Aa

For the global image scale and rotation, changes are roughly consistent
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WGC: analysis of orientation consistency

Max = rotation angle between images

127 T 17 T
10 1
.
=
E
= 6 B
Z
=
E 4r 1
FILTERED! \%
N T T %ﬂ ‘

N
-pi  —pi/2 0 pii2 pi
difference of dominant orientation

number of matches
=
=
T
Il

| 7 FILTERED!
=i

—pi  —pii2 0 pif2 pi
diflcrence of dominant oricniation

=
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WGC: scale consistency

FILTERED!

number ol matches

2

—Il. .

v
g 14 12 12 4 8
log—dillerence ol charateristie scales

WGC: scale consistency

number ol matches

FILTERED!

|

el 11,
18 1 172 1 2

4

8

loo—dillerence of charateriste scales
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What is burstiness?

e In numerical communications, error bursts are taken into account by specific
channel models, e.g., the Gilbert-Elliot channel:

low error high error
rate rate

e Intext retrieval: if a word occurs in a document, then it is more likely to
occur again than what you would expect from an independent model

» see (for instance) [Church 95] and [Katz 96]

Example: “Oxford” is the 2772t most frequent word in english
Pr (word = “Oxford”) = 0.0000280204

Source: Gutenberg project, http://en.wiktionary.org/wiki/Wikitionary:Frequency_lists

Probability of “Oxford ” assuming an independent model ?

|

Welcome to Burlington House Hotel in ~ Oxford

. Nestling in leafy Oxford, a short bus ride away from the bustling City Centre,

w < I Burlington House offers high quality and peaceful luxury bed & breakfast
accommodation to Oxford’s many visitors.

Oxford Hotel Credentials ) . ) ) )
Burlington House has been consistently awarded the highest accommodation rating and is
now Five Stars Highly Commended under the new AA scheme. Burlington House has been
recommended by both the Which? Guide to Good Hotels and its sister publication, the Which?
Guide to Good Bed & Breakfasts.

For more information on what you can expect from a five star establishment such as Burlington
House, please visit our accreditations page.

History of Burlington House, Quality ~ Oxford B&B, ) ) ) )
Burlington House is a large, Victorian merchant’s house, dating from 1889. Without disturbing
its Victorian elegance, the house has been totally renovated, resulting in a stylish and
luxurious bed and breakfast hotel with 12 rooms, a residents lounge, dining room, on-site car
parking facilities and landscaped gardens.

Our Oxford Hotel location, ) ) o
Burlington House is situated in Oxford’s premier residential area of Summertown, Oxford,
Oxfordshire - less than five minutes ride by car or bus to the centre of the city. Public transport
is frequent and conveniently close to the hotel. Within walking distance is the Summertown
Parade of Shops which has many quality restaurants, bars and retail outlets.

Independent model, 224 words: Pr(“Oxford” appears = 8 times) = 5.2 10-23

Source: http://burlington-house.co.uk/
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Solution in text retrieval: burstiness

Handling burstiness has been shown to be important in text retrieval

- this phenomenon was shown to disturb the document comparison performed
by the cosine similarity when using the vector space model

The vector space model is the one used in large scale image retrieval !

» “Video-Google: ...", [Josef and Andrew, ICCV’'2003]

Now, the obvious question:

do images contain bursts ?

© Yes!

Many descriptors in an image are assigned to the same visual word

Bursts on a building image

Most occurring visual word

Second most occurring visual word g

Etc
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Bursts everywhere!

viz SANDFGRI
NUNEHAM
SUFTN HAMPDEN

Not limited to
artificial
textures

Quantifying burstiness in images

1

0.1
0.01
0.001
0.0001
le-05
le-06
le-07
le-08
T L ¥ S ———".
le-10

L] L} LEBLELELELI | Ll L) L] LEBLELELELI I L] L] L]
measured —
independence model

Probability

Number of occurences of a visual word in the same image,
given that it appears at least once
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So, what is the problem with bursts ?

corruption of the scoring measure

Kentucky
Oxford (MAP) Holidays (mAP)
(score: x/4)
BOF 0.338 0.469 2.99
HE +WGC 0.542 0.751 3.36
.............. o B
0.596 0.807 3.47
............ rourstiness L e
HE +WGC + burstiness
0.647 0.839 3.54
JHMultiple assignment |
HE +WGC +burstiness
0.747 0.848 3.64
+MA +SP (Oxford: +QE)
Soft +Query exp. +SP HE+WGC CDM (scalable)
State-of-the-art 0.718 0.751 3.68 (3.40)
[Philbin & al, 08] [Jegou & al, 08] [Jegou & al, 07, 09]

Bag-of-words: the ultimate solution?

Interesting for two tasks
» large scale indexing: efficient search inherited from inverted file
» classification: vector model - useable with strong classifiers, in particular SVM

A practical solution: mimick text — the same recipes/ingredients can be used
» stopping words, query expansion, handling burstiness, etc

However, imprecise approximation of a set of descriptors

Concurrent approaches: non vector methods

» using approximate nearest neighbor search
- see later

« Emerging » aggregation method: Fisher kernels
» excellent results in international competitions (PASCAL VOC, Imagenet,...)
» simplified version: VLAD
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VLAD : Vector of Locally Aggregated Descriptors

e Learning: k-means

» output: k centroids : c,,...,C;,.

..Cy
e VLAD computation:

®» c(x) = argmin||c; — z||?
c;

E Tr — C;

z:c(z)=c;

@®»r v;

128
»v=[v1,..., 0., 0], v; ER

[dimension D = k *128

@ assign descriptors

® compute x-c;

f

® v=sum x-c; for cell i

e L2-normalized A
e Typical parameter: k=64 (D=8192) o VSI
Vie  V, v/ Ve
l[ 3 4
VLADs for corresponding images
Vi Vs Vs
4 -17%\ Kl= == === 2~ )
[~ AT . kel d w » |l
b egs v os A
o '—T—TT-_ " - L e
ey P
ook L - Lle oo = |0
b gHe a0« &y~ 0w
R I o S - < |

SIFT-like representation per centroid (+ components: blue, - components: red)

good coincidence of energy & orientations
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VLAD performance and dimensionality reduction

e We compare VLAD descriptors with BoF: INRIA Holidays Dataset (mAP,%)
e Dimension is reduced to from D to D’ dimensions with PCA

Aggregator k D D’=D D'=128 D'=64
(no reduction)

BoF 1,000 1,000 41.4 44.4 434
BoF 20,000 20,000 44.6 45.2 445
BoF 200,000 200,000 54.9 43.2 41.6
VLAD 16 2,048 49.6 495 49.4
VLAD 64 8,192 52.6 51.0 47.7
VLAD 256 32,768 57.5 50.8 47.6

e Observations:

» VLAD better than BoF for a given descriptor size
— comparable to Fisher kernels for these operating points

» Choose a small D if output dimension D’ is small

The Fisher kernel principle [Jaakkola & Haussler 99]

e Exploiting generative models in discriminative classifiers
e Feature vector is derivative w.r.t. probabilistic model

GY =V log p(X|\)

e Measure the similarity using the “Fisher kernel”:

KX, ¥)y=6F F 1%

where F, is the Fisher information matrix

F\ = Epnip [V log p(2|A) V2 log p(z|\)']

e Equivalently, perform a dot product on “normalized” Fisher vectors:
GY = LGy  with F\=T\Ly

For classification: classifiers learned on these normalized fisher vectors

Slide by courtesy of Florent Perronnin (XRCE Grenoble)
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Representing images with Fisher vectors [Perronnin & Dance 07]

e Firstintroduced for image categorization

e set of D-dimensional local local descriptors X = {;L},f — 1...’1’}

N
e Gaussian Mixture Model p(;lf) = Z;‘.:l ‘-'.L’,j_p.,j(;lf)

with parameters A = {wy, jt;, 2,4 = 1... N}
trained on a large set of local descriptors: visual vocabulary

T
e Gradient with respect to mean vector: ;X 1 Z Q) (u)

= T i It

wipi ()

with (i) = —gb )
Z_j:] wipg (gt'r)

e Concatenation of N gradient vectors = ND-dimensional vector

Slide by courtesy of Florent Perronnin (XRCE Grenoble)

Fisher vectors: other parameters can be taken into account

T -
e Wecan rewrlte.i X _ w; 5X
T it
e “BOV part” T
i 1 .
Wy = = Ve(?)

e ‘“delta part™ @ centroid

- X

O;K — I";{Tl,f-‘-t
r SO
WX 2 ey eli)ay
4 T N\

Zt:1 i ()
e Similarity between two images proportional to:
N ¥

XY
wtw! v
E — i rh;;x (),S
w;

i=1

O sample

Slide by courtesy of Florent Perronnin (XRCE Grenoble)
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Comparison between Bag-of-words and Fisher vectors

BOV Fisher Vector

Hard Assignment Gradient wrt w
— : _
: X,
Soft Assignment !

o b

Gradient wrt mean

£ =3
7]

Gradient wrt var

BOV Histogram has size: K
Fisher Vector (wrt to mean and var): 2 * D * K

Slide by courtesy of Florent Perronnin (XRCE Grenoble)

Properties of the Fisher vector

Hard assignment assumption: ~3(2) = 1

e “Background” (i.e. frequent) descriptors: large p(;v,,) = w.,;p;(;zz,)
e large w; value: corresponds to frequent visual word
e large p; (.”Lt) value, i.e. small ||% 2 value

!

e Frequent descriptors are automatically discounted:
= extension of tf-idf to continuous variables
= an image is described by what makes it different from others

Slide by courtesy of Florent Perronnin (XRCE Grenoble)
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Fisher vector normalization

e L2 normalization:

» ensures that the query always come first

» normalizes with respect to amount of background
e Power normalization: z - sign(z) |z|a

» ‘“unsparsifies” sparse vector

» Fisher vector can be viewed as a sample randomly drawn from a
compound Poisson distribution = variance stabilization

@
@ €

cf F. Perronnin, Y. Liu, J. Sanchez and H. Poirier, “Large-Scale Image
Retrieval with Compressed Fisher Vectors, CVPR 2010.

Slide by courtesy of Florent Perronnin (XRCE Grenoble)

Improving the Fisher Vector

- Distribution of Fisher
- a9 vector values (first
w 100 dimension) as
3 “hes g oo e TR T estimated on VOC
07.
(a) (b)

(a) 1 Gaussian

(b) 16 Gaussians
(c) 256 Gaussians

=0 } (d) 256 Gaussians
with pow. norm.

-001E  0Bi D005 ] ops 0o 0015 -opi5s 001 000 o opos  ao

(c) (d)

Slide by courtesy of Florent Perronnin (XRCE Grenoble)
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Other extensions of the Fisher kernel representatio  n

e Explicit embedding
» Objective: using better comparison kernels
» but keep linear SVM (or distance L2 for indexing purpose)
» ldea: explicit approximation of the implicit space (infinite dimensionality)
» See Perronnin’10

e Spatial pyramid for categorization (similar to BOF ones)
» Account for the rough geometry of a scene:
extract one Fisher vector per region
concatenate Lp-normalized vectors

e Use partition of the winning VOC 2008 system:

Performance as a function of the descriptor size

Fisher need prior local PCA (pb with GMM estimation?)

Compare Fisher VLAD

70 e e e e e
65 |- : i T .
60 [ | R 1
o 55F He .
< S
50 | : : . .
45 |t 25 R R UL S SO - NSRS SR (O .
) i I Fisher, Full
40 | i VLAD, Full -
- ! ‘ ; Fisher, PCA --------
; ‘ : VLAD, PCA
35 1 PN INPSNPRPE IRRPEPY PPN SPRPENT IPIFIRTIrIN AT SIS (VIR AT SR s rErars i

1 2 4 8 16 32 64 128 256 512 1024204840968192
nb centroids
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e Observations:

>

>

VLAD better than BoF for a given descriptor size
— comparable to Fisher kernels for these operating points

Choose a small D if output dimension D’ is small

Comparison of aggregation techniques for image sear ch
® The goal here: optimizing the trade-off between
» search quality
» search speed
» memory usage
® Approach: joint optimization of three stages
» local descriptor aggregation
» dimension reduction
» indexing algorithm
—0.234
57 [34 14 0.452 0.155
extract 6 20 aggregate | 0.134 | dimension |0-230|  vector
— e | —— - - code
SIFT descriptors reduction encoding
35] |12 0.001 0.435| /indexing
n SIFTs (128 dim) D D’
BOF, VLAD, Fisher [Perronnin 2010]
e Dimension reduced to from D to D’ dimensions with PCA
Descriptor k D Holidays (mAP)
D'=D — D'=2048 — D'=512 — D'=128 — D'=64 — D'=32
BOF 1000 1000 40.1 43.5 444 43.4 40.8
20000 20000 43.7 41.8 449 452 44.4 41.8
Fisher (p) 16 1024 54.0 54.6 52.3 45.9 46.6
64 4096 59.5 60.7 61.0 36.5 52.0 48.0
_ 256 16384 62.5 62.6 57.0 338 50.6 48.6
VLAD 16 1024 52.0 32.7 52.6 50.5 47.7
64 4096 55.6 57.6 59.8 55.7 52.3 48.4
256 16384 | S8 62.1 36.7 542 51.3 48.1
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A few additional results

e see LSVRC’2010 challenge (Imagenet dataset)

Approximate nearest neighbor search
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Approximate nearest neighbor search: old but active problem

e several community involved

>

>

>

>

algorithmic geometry
database

data compression
image processing
computer vision

Preliminaries

vector dataset: Y={y, € Rd}_, .

e query vector: qin Rd

e neighbors of g: N(q)'Y

—

“similar” vectors

e The neighborhood is induced by a distance (or similarity/dissimilarity)
- focus on the Euclidean case

>

>

>

dix.y) = x-yll,
But still several definitions \

H X | ®
€ -n.elghborhood . 2 K ! .
k-neighborhood e X : .
distance ratio criterion: |, s | ’
& -neighborhood, = } | # N
with e= o d(q,NN(q)) ks | X

T X i x
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Naive approach

e if Y is not organized, (=not indexed),
» computing N, ou N, requires the set of distances d(q.,y;)
» O(nxd)

e For several query vectors
» Q setof query [q, ... q,] and database B=[b, ... b]
» Inner product trick:
d(a-b)2 = ||a]|? + ||b]|2 — 2<a|b>
» ||a]|? and ||b]|? pre-computed: O(n+m)
» The set of inner products <alb> computed with BLAS3 operations as
Q' xB
» typical efficiency improvement of this “naive” implementation: x10
» for very highly dimensional, competitive efficiency

Binary heap
e For N,(q) neighborhood, we need k-arg-min; d(q,y;)

e Example: we want 3-argmin {1,3,9,4,6,2,10,5}
» Naive method 1: sort - O(n log n). BERK.

» Naive method 2: maintain the set of k smallest values in a table
- O(n k)

e Better: binary MinHeap (see Knuth)
» Complexity : O(n log k) in the worst case
» much better in practice (when k << n)

» O(n) in practice - 10\
\ L
2 3
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Indexing in high dimensional spaces

e Ford> 2, no total order
» o logarithmic search?

e Need to organize the space: indexing
» Kd-tree
» Locality Sensitive Hashing
» Spectral Hashing
» FLANN
» Searching with quantization

e Before going further:
» indexing highly dimensional space is difficult
void space phenomenon
vanishing variance, hubs, ...
» the naive approach is the best for exact search (for d>10-20)
» focus on approximate nearest neighbor search

A (old) popular high-dimensional indexing scheme: K d-Tree

e Partitioning technique
» space recursively cut using hyperplans (on natural axis)
» cutting position = median value of the considered axis
» choice of next axis: highest residual variance

ofe. o ofe of
.0. . o: ° -2 ©
° o T
% 0 o4 « o o ®e o ° g a
o5 ° S © ° g 9] °
L] ° )
o °
qd e q .
® "o ® "o ® “lo
[} ° ° ° .

e Two ways to use it
» exact search (not efficient in practice in high dimensional spaces)
» approximate search
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Euclidean Locality Sensitive Hashing (E2LSH)

1) Projection on m random directions
T (J‘ \a,,; > *b_,
hi(z) = 24/ %

hila) = [ ()]

2) Construction of | hash functions:
concatenate k indexes h; per hash

g ™= (hy, 00525 )

e 3) For each g;, compute two hash

values

» universal hash functions: u,(.), u,(.)
» store the vector id in a hash table

Impact of the hash functions |

e LSH is theoretically nice, but hash functions not adapted to data distribution

(a) Random projections

e s 1

EADGEEOL¢
FEETT

(c) k-means (d) k-means
Uniform distribution Gaussian distribution
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Impact of hash function

0.7

L] T L]
random projection —+— . 4
lattice D --->¢--
0.6 lattice D+ - - . .
lattice A | _ ¥
k-means wi @
05 HKM, ht=2 v sl s =
HKM, hi=3 -4 ; v &
HKM, b;=2 ---@---
04 : & : R | b ~

0.3

NN recall

0.2

0.1

selectivity

FLANN [Muja 2009]

e « Fast Library for Approximate Nearest Neighbors »

Key contribution: automatic tuning (by cross-validation)
» of parameters
» including of partitioning function

Two types of partitioning: KD-tree and hierarchical k-means

Use multiple (randomized) partition
» in the spirit of LSH

R Ko el SONOR |

R 00000000
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Hamming Embedding [Jegou 08] & Spectral hashing [Wei  ss 08]
e Idea: Rd- {0,1}¢
e Why: computing Hamming distances is (very) efficient

e Goal: finding an embedding function such that the Hamming neighbor of an
embedded point reflects the Euclidean neighborhood of the original vector

e Spectral Hashing

» find encoding which minimizes sum of Hamming distances between
binary codes weighted by Gaussian kernel between original vectors

= learning (PCA), tune number of bits <" | i

e Hamming Embedding [Jegou 08] ey Pl ’ \\
» coarse quantization for non exhaustive search \/ E“ 7‘ l“.‘ ¥ :i?x\
= use an inverted file S \;\ ! . \/y/ -
» local binary signature (LSH-like) S

for improved comparison

NN recall

ANN evaluation of Hamming Embedding

#k=100

32
" 2B
22 260

compared to BOF: at

least 10 times less points
0.5 500 . .

/7 in the short-list for the
1000
o,
2

0.6

same level of accuracy

0.4 000
Hamming Embedding
0.3 provides a much better
trade-off between recall
02 and ambiguity removal
0.1

+ E+BOF ——
R PR PR TN RPN B oo/ i RN

0
le-08 1le-07 1le-06 1le-05 0.0001 0.001 0.01 0.1
rate of points retrieved (=1-filtering rate)
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Hamming Embedding vs BOF. Impact on matches.

BOF

69 votes 35 votes

Hamming Embedding vs BOF. Impact on matches.

HE

83 votes 8 votes
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Searching with quantization [Jegou et al. 10]

e Search/Indexing = distance approximation problem

e The distance between a query vector x and a database vector y is
estimated by

d(z,y) =~ d(z,q(y))

where q(.) is a quantizer

— vector-to-code distance

e The choice of the quantizer is critical
» heeds many centroids

» regular k-means and approximate k-means can not be used
— we typically want k=284 for 64-bit codes

Product quantization for nearest neighbor search
e Vector split into m subvectors: y — [y1]. .. |ym]

e Subvectors are quantized separately by quantizers

aw) = [a)] - - |qm Ym)]

where each ¢ is learned by k-means with a limited number of centroids

e Example: y = 128-dim vector split in 8 subvectors of dimension 16

16 components

/—)%

L v | v [ v [ w | % | v | v [ v |
256

CentrOdS
[a00]  [R02)]  [w0s)]  [wm)]  [e0e)]  [a0e)]  [w09)]  [sw)]
8 bits

[164-bit quantization index
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Product quantizer: asymmetric distance computation (ADC)

Compute the square distance approximation in the compressed domain

m

d(z,y)* ~ Z d (i, qi(y))?

i=1
e To compute distance between query x and many codes
» compute d(z;, ci,j)z for each subvector x; and all possible centroids

— stored in look-up tables
» for each database code: sum the elementary square distances

e Each 8x8=64-bits code requires only m=8 additions per distance !

e |VFADC: combination with an inverted file to avoid exhaustive search

Combination with an inverted file
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Searching with quantization: comparison with spectr al Hashing

GIST, 64-bit codes

1 T T Ar_‘__:*_al-l—-m SETT—=p
S Fead
x'J
o |
®
©
Q
E Sl
SDC —+—
ADC ---x---
IVFADC w=1 |
- 7 IVFADC w=8
3 * IVFADC w=64 -—&—
[ % spectral hashing ------
0 x- 1 1 1 1 1
1 10 100 1k 10k 100k ™
H
Results on standard datasets
e Datasets
» University of Kentucky benchmark  score: nb relevant images, max: 4
» INRIA Holidays dataset score: mAP (%)
Method bytes UKB Holidays
BoF, k=20,000 10K 2.92 44.6
BoF, k=200,000 12K 3.06 54.9
miniBOF 20 2.07 25.5
miniBOF 160 2.72 40.3
VLAD k=16, ADC 16 2.88 46.0
VLAD k=64, ADC 40 3.10 49.5

miniBOF: “Packing Bag-of-Features”, ICCV’'09
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Large scale experiments (10 million images)

0.8

0.7

0.6

0.5

Timings
0.4 iming

recall@100

0.3 _— 4.768s

o2 L BOF D=200K —+— | .. N ADC: = 0.286

: VLAD k=64 IVFADC: 0.014:

01 L VLAD k=64, D'=96 —— &+ | | SH=~0.267s

VLAD k=64, ADC 16 bytes —=—

VLAD+Spectral Hashing, 16 ——
bytes

1000 10k 00k M 10M

Database size: Holidays+images from Flickr

Extension to videos

e Specificity of video: temporal redundancy to be exploited
» in the spirit of compression-based approaches
e Hierarchical coding of frame vector representation
» segment representation + refinement
» frame representation (=segment representation+refinement)

segment segment
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A few results

structure/algorithm total mem Clem Clist AP time
none/brute-force search 62 GB 62 GB 19M  96.7 89 x
Levels 142, r =1 122 MB 25 MB 18432  90.1 2.52 x
Levels 142, no refinement 12 MB 271 MB 18432 741 1.10 x
Levels 14243 (m, = 16) 43 MB 2.73MB 19710 91.2 1.33 x
Levels 14243 (m. = 32) 73 MB 275 MB 19710 90.5 1.42 x
Levels 14+2+3 (m, = 64) 134 MB 279 MB 19710 91.7 1.43 x

TRECVID’08 copy detection task

no transformation best second ours |rank (/23)
1 |camcording 0.079 0.363 0.224 2
2 |picture in picture 0.015 0.148 0.321 4
3 |insertion of patterns 0.015 0.076  0.079 3
4 |strong re-encoding 0.023 0.095 0.064 2
5 |change of gamma 0.000  0.000 0.023 3
6 |photometric attacks 0.038 0.192 0.064 2
7 |geometric attacks 0.065 0.436  0.140 2
8 |3 random transformations from 6/7|0.045  0.076  0.437 5
9 |5 random transformations from 6/7|0.038  0.173  0.693 5
10|5 random transformations 0.201  0.558  0.537 2

Thank you for your attention

DEMO!
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Jean-Paul GAUTHIER

LSIS / USTV - ESCODI
http://www.lsis.org/gauthierjp/

"Sur les Mécanismes Optimaux mis en oeuvre par
le Systéme Nerveux Central"

On prouve le "Théoréme" suivant: Le systéme nerveux central minimise quelque
chose comme le travail absolu, c'est a dire la dépense effective d'énergie non
signée.

Cette preuve repose sur 3 points: L'observation systématique de l'apparition de
périodes de silence de I'activité musculaire (agoniste et simultanément antagoniste)
dans les mouvements de pointage; le principe du maximum de Pontriaguin ; et le
théoréme de transversalité (Thom).

Une discussion est alors posée sur le contréle optimal oculaire, a savoir si ce
principe d'optimalité est applicable ou non, si oui dans quelle mesure.

Références :

Gauthier et al., "A biomechanical inactivation principle ", Proceedings of the Steklov
Mathematical Institute, Vol 268, 2010.

Gauthier et al., " The Inactivation Principle: Mathematical Solutions minimizing the Absolute

Work and Biological Implications for the Planning of Arm Movements ", PLoS Comput. Biol.
4 (2008), N10, http://www.lsis.org/gauthierjp/papers/114.pdf "
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An Inactivation Principle
In
Biomechanics

By J.P. Gauthier, B.Berret, F.Jean
Universities of Toulon,
Dijon, and E.N.S.T.A. (France).
Supported by CNES (nationat center for spatial studies )

I. Description of practical experiments.

Conditions of the experiments:

We consider « pointing movements » of human beings, i.e. movements of the
arms, in (specified) time T, the endpoint of the finger starting (at time 0) from an
initial point p0, and ending (at time T) at a terminal p  oint pT.

The movement is learned by the subject (he learns how to rea lize the specified
movement within the given time T). In order to learn the du ration T of the
movement, the subject is given bip sounds at initial and t erminal times.

He learns by repetition.
Duration T of the movements is short (about 0.5 sec.)

Although the theory is general, experiments were made for one or two degrees
of freedom only, in vertical planes. In the case ofas  ingle d.o.f., the elbow joint
is attached (constrained to remain at 1809.

Experiments were done in normal gravity, and also in zer 0 gravity.

Study in the perspective of long spatial flights.
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Experiments

1 dof

0 4z o o

Anterior Deltoid
ol oa o~
e

Fosterior Deltoid u
M Biceps M
"V; a2 LU e

Triceps Wuw

experiments

Two-degree of freedom experiment:

Anterior Deltoid

W 1A
Pustarlor Deltoid ‘w

_ﬂ"vmﬂ Bmg mﬂwﬂwik wh
mr Triceps lf“'{ H
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Observations

e The experiments show the following.

¢ -Inactivations :
— Always simultaneous for the agonistic and antagonistic mu scles.
— Inthe one d.o.f. case, simultaneous for all musles of bot h joints.

e Asymmetries:
— Maximum velocity is not reached at the middle of the time int eval, but a bit before (for
upward motion).

5
The systems under consideration
(1.1) (Z) & = olx, 2,u),
Lagrangian: L(z, @) = %ir;li(xji— V(z),
Let 7 = S(x)u reprezent the generalized force resulting from the input u and
define N(z,z) to be any other forces acting on the system, for instance friction
forces. We assume that the control acts on every degree of freedem, that is, u €
E"™ and S(zx) iz invertible. Moreover, in the "exactly-fully-actuated" case that we
consider first, S(x) = I'd, which means that we control directly via the generalized
forces. This is always possible up to some feedback.
The equations of motion are given by substituting into Lagrange’s equation,
d oL oL o .
——— — = S(zju+ N(z,z) =7+ Nz, z),
dtdz Oz o S ' ’
and are exactly of the form (1.1), with
. 1 0My | M OMiy ..
Cij(z,8) = 5 ) (G2 + 5 — ==L )i
S 8.‘.1,‘3‘- 8Ij 99:«_-
6
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Systems under consideration

Also, using the Legendre transform: (z,z) — (x,p), where p= %%, considering

the Hamiltoman h{z, p)of the problem:
Ii?,l:\.l'\p} =< F\I > _L{x:lp:l‘

we get the equations of the motion via the characteristic field of the Hanulton-Jacobi
equation:

oh . Oh
= a_p\pz _E +7 _'}\' I\‘r:p-lz
from what follows that the work w of external forces, w = f(T + N(z,p))dz 15 Just
equal to the variation of the Hamiltonian:

w=h

In particular, if there 1z no friction, the vanation of the Hamiltonian 15 equal to the
work of the external forces T during the motion. Of course, in this last equality, the
work of external forces 15 counted algebraically: a motion in one direction followed
by a motion in opposite direction may give zero work.

The absolute work

In the paper, we consider the Absolute-Work Aw of the external forces,
which corresponds actually to the energy spent to control the system:

il
(3.2) Aw = f|ri|dt = f Y milde.
i=1

As a consequence, Aw denotes the function of YT

k)
Aw=|rz|= Z |Ts34]-
i=1

Then, in the next sections we shall consider our controlled mechanical system ¥
(withu=r7):

(L)X =0(X,u), XeR™ uwcUCR"
and we shall minimize a cost that will be a compromize of the form:

T
(3.3) J(u) = Aw + f M(X, u)dt,
o

in which M(X, u) is a "comfort term" that for technical reasons we will assume to
be smooth and strietly convex w.r.t. the control u.

406




Agonistic-antagonistic action

o u belongs to a subset U of B™ with 0 € intU. Here in most cases, U 1z &
product of intervals of the type:

U=[uy

+

+ -
Jud] o ug

1
when the system 15 exactly-fully-actuated, or:
U=0,u] x ... x [0,u] % [ug,0] x ... x [ug,0],

i the case of a pair of agonistic-antagonistic muscles for each degree of
freedom. In both cases uy <0, uf =0,1=1,..,n.
s ¢ € C°(RE3™ ") is such that %{Jj,i‘: u) 1z always invertible.

(1]

Setting X = (z,y) = (z, ), we rewrite the system as X = DX, u), X
R™ wcUCR™

(12) (T) X=0(X,u), XEeR™ wuclUCR"

Agonistic-antagonistic action

In the case of agonistic-antagonistic action, we set u = uy —ua, where 0 < wy ; <
u;" and 0 < ua; = —u; . Then uy; (resp. ua;) are the agonistie (resp. antagonistic)

generalized force applied at the 1** degree of freedom.
T

We consider a compromize of the type (1.4), 1.e. J{u) = /fl_'m.y.u‘_ldt—flw, n

. 0
which

T R
Atuzf wyys |t
| 2w

i=1
for total actions. It means that, for agonistic-antagonistic actions, we shall mimimize:

T
I, us) = ff{:-;,y,u] — ug )t + Aw’,
0

where,

T n n
A = f ELZ|“153;| + Z|u3éy{|_}dt}
0 = i=1

15 the total absolute work of external forces.

10
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Choice of the compromise to be minized:

e Typical choice of f(x,y,u) in the compromise:

Compromise « absolute work » versus « energy of accel  eration »:

TRY
We chose f(x,y,u)= Z 0 \':’&J |
=1
Such a compromise means that human being don't like large accelerations.
11
Examples
(2.1) (Bua) z =y
7 =u— kcos(x).
* 1 dof: Here, the constant k reflects the action of the gravity field, u £
and depending on the context u is bounded (2~ < u < u™ but u~ <
1s bounded (u— < u < u7¥).
2 dof
12

408




examples

(2.9) T=H(8)6—hif).r(8) +G(8) ~ B,

In which H is the (symmetric positive definite) matrix of prineipal inertia meo-
ments, jli;{?).r{é] 15 the Coriohs term, G 15 the vector of gravitational torques and
B 13 the matrix of friction terms (a constant here]. The term 7 15 the vector of
external torques (the controls n our caze), Le. 7 = u. Detail: show:

(2.3) 71 = H1161 + Ha26, — b 922 — 2R 6161 + G4 + Bu16: + 3125‘2_\
H}Zél +H3192 +h 9;3 + G2+ 33191 + Bzsz

with
Hii=ml3 + [ £ mall, £ I - ma(lf 24 cos62),
His = mZEEZ + In + maliler cosbBa,
Ha = His,
Hoy = maly + I,

h = malil.zsin b,
G1 = g{milc1 cosby +ma (lc2 cos(B1 + 82) + [1 cos 1)},
G = gmale cos(f) + 62).

13

Examples: 2 dof

In the following, the variables are denoted as follows: z1 = 61,11 = 1,27 =
b, r=0. 1 =u,m =1
Let H{x) denote the matrix
) = myl3 + 1 + ?1212532 + L my(l + 2yl coszy) myldy + 1 —omzilicg €05 T4
. mall + I + malila cos s maly + 1
Then finally our control system can be rewritten as:

(2.4
il n
T3 _ h
31 - H () ( u —Glil‘LIfz‘J +h(332,'3“-(fy§ —%ylyz,}—Bllm - Biay )
¥ ' uz — Gal®1, 72) — h(za).y7 — Bayr — Baaya

)

14
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Examples: small angles assumption

Example 3. (One degree of freedom. small angles assumption).

The first order approximation in the equation 2.1 just consists of setting cos(x)
cos(xp). Assuming the initial condition to be the "horizontal arm", we get cos(x)
1 and the system is just the following standard linear® system:

(2.5) (Big) T =y
y=u—k
Example 4. (Two degrees of freedom, small angles assumption).

Here, as in the previous example, we neglect the friction terms. Therefore, in

the linearization around an egquilibrium pomt (xz. z) = {x,y) = (x0.0), we get no
occurrence of y : linear part is zero and quadratic part in y disappears at y = 0.
Therefore, our linearized® system is of the following form, setting X = ( ; )
(2.6) {(Bow) X =AX + Bu+ F,
where 4 B, F are of the form:
. 0 Tds 0 0
A={( 5 ), B=( 5 )LF=( &)
R N | "B VF
Under this assumption, all computations can be made expl icitely.
15
Non existence of Inactivations in the smooth case.
. Using transversality theorems, we prove the following;
. The system is given and fixed, ans we assume that we minimi ze a smooth cost:
J(u) = ff{r y,udt -
0
We also assume that u=0 (inactivation) is not in the boun dary of the control set.
Note that this is not true for agonistic-antagonistic act ion. But in that case, we proceed in a
different way to show the result.
Theorem: The set of costs f(x,y,u) such that no inactiva  tion occurs is open-dense.
(In the Whitney topology).
Then, there should be some nonsmoothness in the cost: som ething like the absolute work.
16
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Idea for the proof (of nonexistence of inactivations in s mooth case).

We give the idea for total inactivations. Caution: for partial inactivations, it is more complicated. In the
one dof case, it is the same.

(P1)  P(5)T = —F£(X(2), P(£).1,0),

(P2)  H(X(t).P(t). . 0) = max,cr H(X(2), P(t), A v).

where the Hamiltonian of the problem is

H(X, P Au)=p y+g" ¢(X,u) — Af(X,u).
Note that, since 0 € intU, property (P2) implies %—f(X(ﬂ P(t),A0) = 0. It
fallows,
af =0
T _ y2J ~ -1
0@ = 2L (x0.02L (x).0)

If A=0, then ¢ =0. From ¢ =0 and (P1) we deduce p =0 and then (P.A\) =0,

which is impossible. Thus A is pesitive and a standard argument of homogeneity

allows to normalize it to A = 1. Finally, from respectively (P1) and (P2}, the
following holds on the interval I:

. 3o . ar
T _ _ T-% _ =4
b 7" 5 (X.0) — (X 0),

. ae af
y T__.T_ T _ .
(5.1) i =—p" —q ay(X 0) 3y(x:m
and,
ar A
P T _ -1
(5.2) g = —au(X.O)au(X.O) .

17

Idea for the proof (of nonexistence of inactivations in s mooth case).

Mow, recall that an I the dynamic is ¥ — F({X) Since X% — 0 is not an
equilibrium point of F, we assume. up to a local change of the coordinates X =
(¥1.....X2:) on B®", that F = z2—. Differentiating (5.1) with respect to time
leads to

S a8 8¢ a af

ST T T _ a7 N

¢ =P T 5y 9 ax,8y 8% Oy
3¢ BF ¢ r 8 o a af
(5.3) = _gF - = _ g —q _ R
- Bz Dz Sy SX, Oy O, Oy

in which we omit the evaluation at (X, D).
On the other hand, we can alsc chtain §7 and §% by differentiation of (5 2)

. 8 8F . Bb._ 4 . BF 8 Ba._
T 1, 1
T = Fx Ea < ow) Bu = B, (B
_ 82 afF 8¢ 8 ar 8 8. 8f & 8&.
T =4 Phan 1 =4 —1 = P Sl T §
“ = oxreu < T tlamgew “Exlew) tTaw Caxria) -

Substituting these expressions and (5.2) into (5.3), we eliminate g7, §7

and we cobtain:

8% ar

. and §T

8 aF arf & &f af

2 % r T i g7 Gy _o I
oxrou ¥ a%y B Bu B B B on
where, for every X, Ry is a linear mapping and X + R is smooth Suceessive
derivations and evaluation of the derivatives at £ = 0 (remind that X (D) = 0) lead
to a system of equations of the form:
a* af & ar &4 af
= _2 0y + m" 2T 1oy, oL ()5 <k1=iz2n)=0 k=2
sxrau® + 5 (5575 (0 557 55 (7 =i<ezn . k=

where each R* is a linear mapping.
Thus we have proved A™(0) C kerw, where @ : Jg* — E™—2) i5 the linear
mapping which to a m-jet ji*f associates

% ar w8 B8F F BF oy : o e
(axfa(o)JfR (axl E(o):ﬁﬁ(ol,.r<k,lgz;2n) .

Fe<m—1

This linear mapping being obviously surjective, the conclusion follows O 8
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Inactivation principle (for total actions).

We minimise a compromise « absolute work » versus « co ~ mfort term ».

Let us consider some optimal trajectory defined on [0, 7], and meeting the fol-
lowing two technical assumptions (H1, Ha) :

(H1) Continuity of optimal control: the corresponding optimal control u” ()
is continuous on [0,T7,

(Ha) Change of sign for optimal control: some component ] of the optimal
control changes sign at some time t; €]0,T], while y;(t) keeps constant sign. It
means that there are some times t1, 10, f1 < {c < o, such that uj (t1)u}{t2) < 0 and
ya'[tjl §é 0 for f] ‘_» [ E tg.

Theorem 4. (inactivation principle) Along a regular optimal trajectory meet-
ing (Hy, Hy) there are partial inactivations. There are also some reqular extremal
trajectories along which total inactivations do exist, through any X € B™.

The proof relies on some (trivial) nonsmooth analysis ar gument. But some of its
generalizations (dynamics on the muscles) really use a nonsmooth version of PMP.

19
Validity of assumptions (H1) and (H2).

e Assumption (H1) is automatically reached (for regular tr ajectories) as soon as
the comfort term is strictly convex with respect to the con trol. In particular, this
is the case for a compromise of type: « absolute work » Vs « energy of
acceleration ».

» Optimal trajectories are not singular.

e Assumption (H2) holds in general if T is not too large in front of minimum time:

The reason is that for minimum time, control is bang-ban g (with changes of sign,
due to initial and terminal condition of zero velocity ).

This fits with practical observations.

20
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Idea of the proof of the inactivation principle

Proof. The proof 1s very simple: along the optimal trajectory the Hamiltonian f of
the optimal control problem has to be maximum. which means by (4.8) that 0 £
8.k for all 1 = 1, p. But, A{A, X (1), P(t). uw*(t)) = dp(dw, X, v*) + PO X, u")
and A < 0 since we consider regular trajectories only.

The maximum condition for the Hamiltonian gives:

(4.10) 0 € 8, h(P(t), X(£), u"(t)).

The variables P(t) and X (f) being also continuous, the quantity &y, A(P(t), X (f). u*(t))
is an interval I(t) (degenerating to a point as soon as u} (t) # 0) and moving con-
tinuously with the time ¢. At a time ¢, when uf (tz) = 0, it 15 a nontrivial time
a_a-l% and A are both different from zero.
changes sign at fc, it takes a certain strictly positive amount of time to cross I(f;).

interval I(t.), since Hence, since uj(t)
Then u} (t) remains exactly equal to zero during some nontrivial time interval. This
15 partial inactivation.

Second, we take an arbitrary X = (x,y), with 33 # 0 for all i = 1,....n and
A= —1. We denote by l:fl,:f(x]_ljlf the i*" column of the invertible matrix _-M(J:]_l.
Then, for & = 0, we compute the set & =3, A(P, X, u). If we set P = (p,q), then
due to the fact that ap'zi‘_?\-:u"' = aogjl":m
exactly the center of the set & CR"™, which is a hypercube with nonempty interior.

= g(M(z)~!);, we can chose g for 0 be

It is clear by construction that the extremals starting from this point (X, P,0) have

O

total inactivations.

21
Results: one dof case
In that case, with small angles assumptions, explicit formulas are easily obtained.
Phasa Trajectory Contral u
3 40
- 2 a PD
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0 L | _ ) )
0 02 04 D& 08 [ 01 02 | p3
Angular Velogity
3
o2
1
] . R .
0 01 0z 0.3
4 1
FIGURE 3. The results we get for an upward motion. The phase
of inactivation of the muscles 15 shown.
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Results in 2-dof case
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2-degree of freedom theoretical result.

L5

Gradient constraints on the inputs.

One has to apply Clarke’s maximum principle (in a trivi al way).

E=y, ¥ =plr.u)+u

vT =0, vt =0,

v

T
min J{u) :Am+f FIX_ w)dt
v o

Now the cost is not differentiable anymore with respect to the state (in place of
the control previously). Therefore, the Clarke’s nonsmooth version of the maximum
principle is needed {[3]).

If (p.g.r) denote now the adjoint variables, we get:

H = —Aly|u| + il gy, w)) + py + glue — kcosx) + ro.

Once again, T, ¥, 2. g, 7. U are continucus { by nature neow, just as classical sclutions
of differential eguations The a-prieri fact that ¥ remains = 0 is just checked
numerically. Although. it is expectable from the results in the case without gradient

constraints.
Also, for similar reasons as in Secticn (4.2.3), the "abnormal extremal may be
excluded, i.e. v not "bang" and A = 0 : maximality of the Hamiltonian for non-

bang implies that r is identically zero, which, with twe successive differentiations
imply that ¢ and p respectively are alsc identically zero. Total adjoint vector is
zere, which contradicts the maximum principle. Hence we may assume A = 1.

We assume that the gradient constraints v~ , v* are large encugh for the opti-
mal control be of the following type: gradient constraints are active only at the
beginning and at the end of the motion. If we refer ta the scenarii occurring in
Section 4.5 1, it should be what happens: without the gradient constraints, gradi-
ent is never large. Then, there will be saturation of the gradient constraints only
because of the jumps at the beginning and at the end of the motion. Numerical

cemputations confirm this scenario

24
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Gradient on controls: Clarke’s maximum principle

Then, to connect (in optimal way) the source (2,3, u) = (20,0, up) to the target
(z7,0,u7), where ug and uz are the stationary controls corresponding respectively
to zp < z7.the strategy must be as follows: v = vt for 0 <t < T; v~ < w < v
forTy <t <To,v=v"forTa <t<T.

Therefore, inside the interval [T7, T3], the Hamiltonian being maximum w.r.t.

v, we must have r(f) = 0. therefore also % = 0. But by the Clarke’s maximum
principle, 1t means that % S —6“_[’;1 =yl + gé — g. mn which I 1s the Clarke’s
gradient of the absclute value funetion at zero, ie. I = [-1,1].

Since % =0, we conclude:
- 3
0e —BhH=y1+—f—q_
du

This equation was exactly the cause of inactivations in the non-constrained case.

25

Inactivations for agonistic-antagonistic muscles

For this analysis, we consider that @ = wj — ug, where 0 < uy; < u] and 0 <
s ; = —u; . Then uy ; (resp. us ;) are the agonistic (resp. antagonistic) generalized
farce applied at the i*? degree of freedom.

T
Tur,ue) = ff(x.»y-.ul — ug)dt + Aw’,
0

where,

T n
Aw' = f >
L

is the total absclute work of external forces.

n
usls| + Z|U2{Sﬁ|]dt
i=1

Theorem b. (Total inactivation for agonistic-antagonistic actions) In the
case of agonistic-antagonistic actions, minimizing a compromise containing the ab-
solute work leads to total (simultaneous) inactivations of both actions, exactly where
the total optimal action is inactive.

26
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Proof of inactivation principle for agonistic-antagoni stic muscles

First let us assume that uy(t), us(t), minimize J', with optimal value J*'. Con-
sider u(t) = uq(t) — wa(t). Clearly, u(t) applied to the system:

(4.13) i = oz, &, u),
and u1(t), u2(t) applied to the system:

(4.14) & = olz, &, ul(t) — ua(t)),

produce the same x-trajectories. Therefore,

T T
96 = [, w0)+ 3o~ et

o i=1
T n n
< f{f{:g,y,m —u) +Z unsys| + Zluzf“ﬁl])ﬂ't,
] i=1 =1
= J'(uy, ug) = J*
This shows that the minimum J* =min, J(u) < J
27
Proof of inactivation principle for agonistic-antagoni stic muscles
Conversely, assume that 2 attains the minimum J of J(u). We define uj, us
from u as follows:
(4.15) uy(t) = u(t) if u(t) > 0,
= 0 elsewhere, and
us(t) = —ul(t) if u(t) < 0,
= 0 elsewhere.
Again ui —us = u, hence applying & to (4.13) produces the same r-trajectory than
applying u1 — w2 to 4.14. therefore:
T n T
J'uy,us) = f(ﬂl',y- up — ua) + Z | + Zluzsys‘mdﬁ
° i=1 i=1
T n
— [ — ) + (s — waiuia,
r i=1
by definition of %1, ua. It means that:
(4.16) T, us) = J7,
This shows the converse.
28
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Dynamics on the muscles and the « triphasic pattern »

. Dynamics on the muscles:

&=y
a1y = — Uy — &
(4.17) iy = —EL vy

iz

. . - - . ra .
with again w1, ua = 0, and we lock for the minimum min [5 yui +yws + ag® di.
wiua

For this, we use the a-priori fact (which is checked numerically)

that, as in

the case of total action ([2]), ¥ remains positive during the upward motion. The
Hamiltonian may be written as:

. N k) w
M =—ylu; +ug) —aluy —us — k)% +py+glug —Hg—kl+"1(—”—1+“1)+7”2{—”_2+“2)

At this point, there is an important technical detail that physiclogically makes
sense. It can be understood as "muscular coactivation" at the end of the motion, a
well know phenomenon: due to the first order linear dynamic on the muscles, and
the constraints u; = 0, we can go back to zeroc asymptotically only. Therefore, the
terminal condition wr = K 1z impoasible. Hence we require, with = > 0 :

(4.18) (I vl =k and w3 =0,

(INu] =k+candul ==.

Requirement {7} is coactivation at terminal time T. Then, explicit computations
with the maximum principle, together with a numerical research of the commutation

times show that the optimal scenaric is like shown on Figure 8

29
Dynamics on the muscles and the « triphasic pattern »
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FIGUuRE 5. Optimal Triphasic Pattern.
Agonistic burst, followed by antagonistic burst, follo wed against by agonistic burst.
The scenario ends with co-contraction of the muscles.
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Extensions to vision

Two directions:

1. Saccades of the eye:
In that case the equations consist of the Euler equations with control terms.

Results should completely similar . Butthere is a problem for validation (need to
go to Guantanamo again).
But, absolute work is very small.

2. Listing’s law for saccades:
Such a behaviour could be studied by the same approach.

I shall discuss this shortly!!

31

418




Imprimé a La Garde en septembre 2010 a l'université Sud-Toulon Var
ISBN 2-9524747-3-7

EAN 9782952474733






